
IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 21, NO. 2, FEBRUARY 2002 109

Topology Correction in Brain Cortex Segmentation
Using a Multiscale, Graph-Based Algorithm

Xiao Han, Chenyang Xu, Member, Ulisses Braga-Neto, Member, and Jerry L. Prince*, Senior Member

Abstract—Reconstructing an accurate and topologically
correct representation of the cortical surface of the brain is an
important objective in various neuroscience applications. Most
cortical surface reconstruction methods either ignore topology or
correct it using manual editing or methods that lead to inaccurate
reconstructions. Shattuck and Leahy recently reported a fully au-
tomatic method that yields a topologically correct representation
with little distortion of the underlying segmentation. We provide
an alternate approach that has several advantages over their
approach, including the use of arbitrary digital connectivities, a
flexible morphology-based multiscale approach, and the option
of foreground-only or background-only correction. A detailed
analysis of the method’s performance on 15 magnetic resonance
brain images is provided.

Index Terms—Digital topology, segmentation, brain imaging,
graph analysis, cortical surface extraction.

I. INTRODUCTION

RECONSTRUCTION of the brain cortical surface from
magnetic resonance (MR) images is an important goal

in medicine and neuroscience. Reconstructed cortical surfaces
can be used to study brain geometry and quantify geometric
variations across populations, in normal growth, and disease
[1], [2]. They can also be used to assist in brain registration
by sulcal matching [3], [4], and to visualize functional data
acquired through other imaging techniques [5], [6].

Producing the correct topology is an important part of the
cortical surface reconstruction process. A reconstructed cortical
surface without a correct topology may lead to incorrect in-
terpretations of local structural relationships and will prevent
cortical unfolding [7]–[11]. Geometrically, the human cerebral
cortex is a thin folded sheet of gray matter (GM) that lies in-
side the cerebrospinal fluid (CSF) and outside the white matter
(WM) of the brain. If the opening at the brain stem is artificially
closed, the surface of the cortex is topologically equivalent to a
sphere. The major topological defect is the presence of one or
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Fig. 1. Illustration of relevant topological features.

more handles on the reconstructed surface; clearly, this is not the
topology of the true cortex. As illustrated in Fig. 1, a handle is
associated with a tunnel, which is actually a handle in the back-
ground if the roles of the interior (foreground) and the exterior
(background) of the surface are interchanged.

In recent years, there has been a considerable amount of work
dedicated to the automatic extraction of cortical surfaces from
MR images [8], [10]–[16]. Because of imaging noise, the partial
volume effect, image intensity inhomogeneities, and the highly
convoluted nature of the brain cortex itself, it is difficult to pro-
duce a representation that is both accurate and has the correct
topology. Many methods either ignore this problem or rely on
a manual postprocessing to correct the topology. For example,
in [13], an anisotropic smoothing of the posterior probabilities
of GM, WM, and CSF segmentation results is applied to ob-
tain a binary segmentation of the WM. The resulting topology
is manually checked and corrected if in error. The cortical sur-
face analysis method proposed by Daleet al.[10], [14] also uses
hand-editing to correct large topological defects, while ignoring
smaller ones. They identify topological errors by viewing an in-
flated surface, and correct the error by editing the surface or the
data.

There have been only a few methods that automatically
produce topologically correct cortical segmentations [15]–[17].
The homotopically deformable region model proposed by
Mangin et al. [17] is one of the best known. This method can
also be adopted as a topology correction method. It starts with
an initial region with the required topology, and then grows
the region by adding points that will not change the original
topology. Points that are allowed to be added or removed
without changing the topology are known assimple pointsin
the literature of digital topology [18]–[22]. The problem with
this overall approach is that the result strongly depends on the
order in which the points are grown from the initial volume. As
an extreme example, it is possible for a volume that has only
one small handle to be grown in such a way that the resulting
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volume has a cut plane that separates the two hemispheres.
The method described in [23] can be viewed as a dual to that
of Mangin et al. [17] in that it fills tunnels instead of cutting
handles. Both methods, however, can make large, unnecessary
changes to the volume, mainly because they only consider one
type of correction, either foreground or background, and they
have no size criterion.

Deformable surfaces (cf. [24]) have also been used to gen-
erate topologically correct cortical surface representations [12],
[15], [16]. A parametric deformable surface model guarantees
that the topology of the final surface is identical to that of the
initial one. (We note that since a parametric surface can de-
velop self-intersections, the topological correctness of the corre-
sponding volume implied by the surface is still not guaranteed.)
The problem then becomes one of how to generate a topolog-
ically correct initial surface that is close enough to the cortex
so that the deformable surface will correctly converge to the
cortex. Xu et al. [15] used an adaptive fuzzy-means algo-
rithm to get an initial segmentation of the white matter, which
was then successively filtered with median filters until its iso-
surface had the correct topology. There are two problems with
this approach. First, it is not guaranteed to converge. Second, it
changes the entire white matter volume when there may only be
a local problem. We have found that this method can generate
new handles, sometimes very large ones, while working to cor-
rect smaller handles in other regions of the volume.

Geometric deformable surface models have also been
used to generate cortical surfaces [25]. While there are many
advantages in the use of geometric deformable models over
parametric ones, their topological flexibility is a liability
rather than an advantage in the brain mapping application.
The method in [25], for example, finds the inner and outer
gray matter surfaces simultaneously, but cannot guarantee
their topological correctness. Recent development of topology
preserving geometric models [26], [27] shows promise for
the refinement of a topologically correct initial surface; but
does not solve the problem of finding a topologically correct
initial surface close enough to the final surface to avoid poor
convergence behavior.

When the initial volume segmentation or surface reconstruc-
tion has an incorrect topology, a topology correction algorithm
is needed to detect and remove handles/tunnels from the initial
volume or surface. Two approaches in the literature operate di-
rectly on the triangulated surface meshes rather than the under-
lying digital volumes [11], [28]. The method reported in [11]
replaces the manual editing strategy in [14] with an automatic
procedure in which handles are detected as overlapping triangles
on the surface after it is inflated to a sphere. The handles are then
removed by deleting the overlapping triangles. This method is
slow because of the surface inflation step, and the removal of
overlapping triangles generally removes a much larger part of
the surface than is actually necessary in order to achieve the cor-
rect topology, i.e., instead of requiring only a small cut to break
the handle, a large portion of the handle may be removed. A
second surface-based approach described in [28] removes small
handles by simulating wavefront propagation within a certain
neighborhood surrounding each mesh vertex. A handle that is
smaller than the size of the neighborhood is detected when the
wavefronts meet. It is then broken by cutting the mesh along

a closed path that encloses the handle and re-tessellating the
mesh to seal the resulting holes. This correction will always fill
the tunnel associated with a given handle rather than cutting the
handle itself, which may not be the best strategy, especially with
long, thin handles. Furthermore, the method is computationally
intensive, and the final correction strongly depends on the vertex
used to identify the defect. In short, it is not a desirable overall
strategy for the cortical reconstruction application.

Shattuck and Leahy have recently described an algorithm to
detect and correct handles in a digital volume [29], [30]. In-
stead of region-growing or global filtering, their approach ex-
amines the connectivity of the binary white matter segmenta-
tion to find regions that give rise to incorrect topology. Then,
rather than simply removing these regions, their method care-
fully edits the underlying volume to make the smallest possible
changes (within the limits of their overall approach) that will
correct the topology. Their method is elegant and effective, but
there is still room for significant improvement. First, the authors
acknowledge that their “cuts” are not very natural since they can
only be oriented along the Cartesian axes. They also describe a
particular topological problem in which “slice duplication” is
required. Finally, their approach requires 6-connectivity of the
digital object, and has not been generalized for any other digital
connectivity. This limits the performance and appearance of the
final result as well.

In this paper, we develop a new volumetric topology correc-
tion algorithm, which we refer to as thegraph-based topology
correction algorithm(GTCA). GTCA removes all handles from
a binary object, which in our case is the largest connected com-
ponent of a white matter segmentation, filled to remove cavi-
ties.1 As in [29], [30], we rely on a connection graph to detect
handles, but our graph construction and editing procedures are
quite different. Our graph is constructed by using a morpholog-
ical opening operation, applied to either the foreground or the
background, producing bothbodyandresidueparts of the orig-
inal object. A conditional topological expansion (CTE) proce-
dure, similar to the region-growing procedure of Manginet al.
[17], is used to replace residue parts that do not involve handles.
A graph is then constructed by analyzing the connectivity of the
body and residue pieces, and one or more residue pieces are re-
moved to break thecycles in the graph, thus removing handles in
the volume. Since small corrections are desirable, we apply this
procedure on both the object and its background starting with a
small structuring element to cut “thin” handles and fill “narrow”
tunnels. We then increase the scale of the filter by using larger
structuring elements, which guarantees that topological defects
are always corrected at the smallest possible scale.

Although similar in broad concept to the method of Shat-
tuck and Leahy, our method is quite different in the details. Our
method is intrinsically three-dimensional (3-D), and “cuts” are
not forced to be oriented along cardinal axes. It does not require
the introduction of half-thickness slices, and any (consistent)
digital connectivity definition can be used. A final distinction of
our approach is that correct topology can be assured through ap-
plication of either foreground or background filters alone. This
procedure would result in either handles being cut or tunnels

1Cavities, unlike handles, are background regions completely surrounded by
the object; they are easily removed using standard region-growing.
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being filled exclusively, which is not a good option in brain map-
ping, but may be of use in other applications. In the following
sections, we give necessary background, describe the algorithm,
and provide experimental results that show the overall charac-
teristics and performance of our new method.

We note that a preliminary version of this paper has been
published in a conference proceedings [31].

II. BACKGROUND

In this section, we present some basic notions about 3-D dis-
crete topology that will be used in describing the topology cor-
rection algorithm (see [18]–[22] for more details). We also dis-
cuss the relation between digital connectivities and isosurface
algorithms. This relationship allows us to compute the genus of
a digital object by computing the Euler number of its surface
representation. Note that in the application of brain cortical sur-
face reconstruction, we desire a topologically correct surface;
the topology correction, however, is performed on the volume
data. Thus, we must make sure that the isosurface algorithm
gives a topologically correct surface representation of the ob-
ject.

A. Three-Dimensional Discrete Topology

A 3-D digital image is defined as a cubic array of
lattice points. We follow the conventional definition of-neigh-
borhoodand -adjacency, where . We denote
the -neighborhood of a point by , and the set com-
prising the neighborhood of with removed by .

An -path of length from to in , where ,
means a sequence of distinct points in

such that is -adjacent to , for . An
-path is an -closed path if and only if is -ad-

jacent to . Two points aren-connectedif and only
if there exists an -path from to in . The set is called
n-connectedif every two points are -connected in

. An n-connected componentof is a nonempty -connected
subset of that is not -adjacent to any other point in . We
denote the set of all-connected components of by .

In order to avoid a connectivity paradox, different connectiv-
ities, and , must be used in a binary image comprising an
object (foreground) and a background . For example, (18,
6) and (26, 6) are two pairs of compatible connectivities. The
following definitions are from [21]

Definition 1 (Geodesic Neighborhood):Let and
. Thegeodesic neighborhoodof with respect to of

order is the set defined recursively by:
and

Definition 2 (Topological Numbers):Let and
. The topological numbersof the point relative to

the set are:
, and

, where # denotes cardinality
of a set.

Topological numbers are used to classify the topology type of
a lattice point; their efficient computation is described in [21].

Fig. 2. (a) An ambiguous face; (b) and (c) two possible tilings. (d) An
ambiguous cube; (e) and (f) are two possible tilings.

We note that in the definition of topological numbers there are
two notations for 6-connectivity. This follows the convention in-
troduced in [21], wherein the notation “6+” implies 6-connec-
tivity whose dual connectivity is 18, while the notation “6” im-
plies 6-connectivity whose dual connectivity is 26. This distinc-
tion is needed in order to correctly compute topological numbers
under 6-connectivity, and does not imply a different definition
of connectivity.

Finally, we introduce the notion of handles. An objecthas
ahandlewhenever there is a closed path inthat cannot be de-
formed through connected deformations into a single point.
For example, a solid torus has exactly one handle. In digital im-
ages, the existence of handles depends on the chosen connec-
tivity . The same explanation of handles is applicable to sur-
faces, which are two-dimensional objects in 3-D space. A digital
object and its complement have exactly the same number
of handles assuming that a pair of compatible connectivities is
used. Therefore, we can always say that the tunnel associated
with a handle of is a handle in . The number of handles of
a digital object is called thegenusof the object.

B. Marching Cubes (MC) Isosurface Algorithm

The MC algorithm is a standard isosurface algorithm that pro-
duces a triangulated surface whose vertices lie on the edges of
the cubic lattice [32]–[36]. The MC algorithm processes one
cube at a time, and given an isovalue or threshold, it first la-
bels the cube vertices as either inside (higher than the isovalue)
or outside. If the surface is determined to pass through the cube,
then the MC algorithm estimates the location of the isosurface
intersections with the edges of the cube through linear interpo-
lation. These intersections are then connected to form triangles
comprising the isosurface itself.

The way in which an isosurface intersects a cube is not always
unique. One or more faces or the entire body of the cube can be
ambiguous, as shown in Fig. 2. Most MC algorithms used fixed
rules—such as always separating “outside” points—to tile these
cubes, but this can result in topological paradoxes. As described
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in [33] and [36], so-calledface saddle pointsandbody saddle
points can be used to produce isosurfaces that are consistent
with trilinear interpolation, eliminating these paradoxes.

In this paper, we use a saddle point MC algorithm to produce
a surface representation of a binary object object
background. Note that selection of the isovalue, which can take
on any real value in the range , due to the interpolation im-
plicit in the isosurface algorithm, has a direct effect on the un-
derlying digital connectivity that the algorithm can represent.
For instance, it is straightforward to verify that standard MC al-
gorithms, which do not consider saddle points, can only be made
consistent with 6-connectivity by choosing an isovalue greater
than 0.5. In order to be consistent with other connectivities, it
is necessary to consider both face and body saddle points. Fur-
thermore, following the computation of face/body saddle points
as in [36], it is easy to see that for 0–1 valued binary volumes,
to yield 26-connectivity we must choose an isovalue less than
0.25; to yield 18-connectivity we must set the isovalue between
0.25 and 0.5; and to be consistent with 6-connectivity, we need
an isovalue above 0.5. All of these object connectivities have
consistent background connectivities according to the previous
discussion.

C. Topology of Surface Meshes

The genus of a surface mesh is computed from theEuler
number as follows [37]

(1)

where and , and are the number of
vertices, edges, and faces, respectively, of the surface mesh. In
this paper, due to preprocessing steps we need only consider
surface meshes consisting of a single connected set of vertices.
Such a surface is topologically equivalent to a sphere when
. However, neither the Euler number nor the genus provides

information about the size or location of a handle.
Given a topologically consistent isosurface algorithm, there

is a one-to-one correspondence between the handles on a binary
digital object with -connectivity and that of its triangulated sur-
face representation. Thus, if we remove all the handles on a bi-
nary digital object, its boundary surface will be homeomorphic
to a sphere. Since direct computation of the genus of a digital
object is difficult, and since our final objective is a surface rep-
resentation of the brain cortex, we always check the topology
of the object by computing the Euler number of its surface ex-
tracted using the correct MC algorithm. To save time, our MC
algorithm can omit the computation of triangle positions when
only the Euler number is needed.

III. GRAPH-BASED TOPOLOGYCORRECTIONALGORITHM

Our GTCA aims to remove all the handles in a binary volume.
We assume that the binary volume has a single connected fore-
ground object with no cavities. A block diagram of the algo-
rithm is shown in Fig. 3(a). There are two types of filters that

Fig. 3. Topology correction algorithm. (a) Flowchart of the algorithm. (b)
Flowchart of a foreground/background filter.

Fig. 4. Illustration of the basic idea.

GTCA can use to correct the topology of an input volume: fore-
ground filters and background filters. Handles removed by a
background filter correspond to tunnels filled in the original
volume. As shown in Fig. 3(a), GTCA sequentially applies one
or both types of filters at successively increasing scales until
all the handles or tunnels in the original volume are removed.
We note that compatible connectivities must be used for the two
filters, which yields an -connectivity foreground filter and an

-connectivity background filter. Fig. 3(b) shows the flowchart
of a foreground or background filter. The background filter is the
same as the foreground filter except that it works on the com-
plement of the original volume and assumes an-connectivity
instead of the -connectivity used in the foreground filter. As
shown in Fig. 3(b), each filter consists of four major steps. We
now describe each step in detail. We refer to Fig. 4 as an il-
lustration of the basic idea that is behind the development of
each step. We note that certain parts of the algorithms presented
in this section could, in principle, be implemented in parallel.
However, we have not considered the implications of parallel
implementation and, therefore, the algorithms should be viewed
as sequential.
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A. Binary Morphological Opening

We use morphological opening as a multiscale analyzer to
detect handles at different scales. The morphological opening
of object with structuring element removes all parts of

that are smaller than , in the sense that they cannot con-
tain any translated replica of. We call the structuring element
(SE) used at the smallest scale (scale 1) thebasic structuring
element. The structuring element at the scaleis obtained by

successive dilations of the basic structuring element with
itself. In practice, we use a digital ball of radius one—i.e., an
18-connected neighborhood plus the center point—as the basic
structuring element. This gives the ability to make very small
topological corrections that are more isotropic than the slightly
smaller 3-D cross (another logical choice for the basic struc-
turing element). The shape of the basic SE is not critical to the
success of the algorithm although the computation time and the
final result will be different. For example, a 3-D cross, which
has only seven points, might yield a result with fewer changes
to the digital volume, but it might also take longer to compute
because it would require more scales. In any case, the resulting
filtered volume will have the correct topology.

As illustrated in Fig. 4(b), the opening operation divides the
foreground object into two classes. Points that are in the re-
sulting (opened) image are calledbodypoints, and points re-
moved by the opening operator are calledresiduepoints. If there
are regions within a handle that cannot fit the structuring el-
ement, then the handle is broken into body and residue parts.
Other parts of the object, such as fingers (see Fig. 1), can also be
removed or broken into different body and residue parts as well.
The next step of our method seeks to transfer as many points
as possible from the residue back to the body without adding a
handle.

B. Conditional Topological Expansion

Examination of Fig. 4(c)–(f) leads to the idea that handles
might be broken by detecting cycles in a graph comprising body
and residue pieces and discarding the smallest residue piece in
each cycle. Unfortunately, on a complicated shape such as a
white matter segmentation, morphological opening removes far
more voxels than just those required to break the handles, no
matter what structuring element is used. Typically, the residue
set comprises many connected components, several of which
are large, complicated shapes. Also, the opening can actually
create handles in the body component. Thus, introducing a
graph-based cycle-removal procedure at this stage is likely to
discard unnecessarily large pieces of the object and generate
new topological problems.

Our solution is to transfer as many points as possible from the
residue back to the body, without introducing handles. Specifi-
cally, we grow the body set by successive dilations, but only add
those points, which we refer to asnice points, that come from
the residue and do not adversely affect the topology. A point is
nice if when added to the body it neither replaces nor creates a
handle on the body. We refer to the entire procedure ascondi-
tional topological expansion. Before describing the algorithm,
we first explain the criterion for definingnicepoints.

Fig. 5. Illustration of the nice point criterion. In each panel, the gray point
represents the residue point under consideration, the dark points represent body
points, and the white points represent background points. The gray point is nice
in (a) and not nice in (b) and (c).

Whether a point is nice or not can be decided locally using a
criterion similar to that ofsimple pointsin the digital topology
literature [18]–[22]. Whereas the addition of a simple point to
the body is guaranteed to preserve the exact topology of the
body, the addition of a nice point is allowed to fill a tunnel in
the body. The use of the nice point concept is necessary because
morphological opening can introduce tunnels in the body, and
we want CTE to be able to fill them back up. While a simple
point must preserve two topological criteria, a nice point only
need preserve one criterion. Denote the set of body points by

, and let be the topological number as defined in
Section II. From [21, p. 1010, Property 5], we have the following
property:

Proposition 1 (Nice Points):Let and suppose we add
to . If , then it is equivalent to say that the

-components of are preserved and no-handles/tunnels are
created in (and no -handles/tunnels are created in).

Therefore, if is a residue point that is-adjacent to the body
, then it isnice if and only if 1. Fig. 5 illus-

trates some examples of both nice points and nonnice points.
Fig. 5(a) shows a case where a spurious tunnel has been created
by a morphological opening. Since the gray (residue) point is
originally part of the object, it should be added back to close the
“false” tunnel. Note that because the gray point will change the
topology when added to the body, it is clearly not asimplepoint.

By adding all the nice points back to the body, we can fill in
all the false tunnels created by the opening operation. The cuts
on true handles also become thinner; but they never disappear
since the condition 1 guarantees that addingdoes
not create handles in the new set . CTE is performed using
the following iterative procedure

Algorithm 1 CTE:

1) Find the set of residue points that are-adjacent to the
body point set .

2) For each point , if 1, then label it as a
nice point.

3) Find and label all the connected components in the set of
nice points.

4) Take the largest connected component, and relabel the
points in it as new body points.

5) If no point changed its label in Step 4, then stop; other-
wise, go to Step 1.

Notice that in Steps 3 and 4 we only grow the largest con-
nected component of nice points at each iteration instead of
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Fig. 6. Illustration of CTE on a simple handle (surface rendering). (a) Original
body (light) and residue (dark) after opening. (b) Final cut (dark) after CTE. The
dashed line illustrates a nonoptimal cut position.

adding all of the nice points found in Step 2 to the body. The
reason for this is to make sure that the final “cuts”—i.e., the
final residue points that are not added back to the body—are
positioned at the thinnest parts of the handles. This is illus-
trated in Fig. 6. In Fig. 6(a), the darker shaded piece repre-
sents the residue after a morphological opening operation while
the lighter shaded piece represents the body. The dotted line in
Fig. 6(b) illustrates where the final cut would be if all the nice
points were added back to the body after each conditional dila-
tion. The dark line illustrates where the actual cut is placed using
CTE. We note that CTE can be made computationally efficient
by using a first-in-first-out queue data structure [38].

C. Connected Component Labeling

After CTE, any tunnels in the body that were created by
morphological opening are filled in, and the remaining residue
pieces form thin “cuts” that separate body components. This
situation is illustrated in Fig. 4(b)–(c). Removing all the
remaining cuts would certainly eliminate all the handles at this
scale, but would also disconnect large portions of the body that
we refer to asfingers, such as the parts labeled “6” and “3” in
Fig. 4(c). Detecting and removing cuts that belong to handles
and rejoining to the body those that are not part of handles
is the aim of the graph analysis to be described in Section
III-D. It turns out, however, that without further analysis of the
remaining residue pieces, graph analysis might lead to unnec-
essary removal or, worse, the accidental inclusion of handles.
In this section, we prepare for graph analysis by grouping the
body and residue points into sets of connected components with
distinct labels. We then compute the number of connections
between each pair of body and residue components. When
multiple connections are found, they are broken in order to
break the corresponding handle(s). Special care is taken both
to detect and break handles inside a residue component and
to merge suitable residue components in order to avoid false
cycles in the subsequent graph analysis. The overall processing
strategy described in this section is illustrated in Fig. 7. We
note that the final set of body and residue components become
the nodes for the graph analysis described inSection III-D.

We begin by labeling the connected components of body
points using -connectivity; these form thebody-connected

Fig. 7. Connected component labeling and connection analysis.

components(BCCs). Each residue point that forms a handle
by itself with a single BCC is then removed (changed to back-
ground). These are the residue pointsfor which
for some BCC [see Fig. 5(c) for an example]. This prevents
residue-connected components (RCCs) that are merged to the
body later from forming handles that could not be detected
by graph analysis. In some unusual configurations, a point
removed in this step would not have actually formed a handle
in the merged body. In this case, however, the last step of our
algorithm (another CTE after graph analysis) adds these points
back to the body.

Next, we compute the -connected components in the re-
maining residue points; these form theresidue-connected com-
ponents. We must now compute the number of connections be-
tween each RCC and each of its adjacent BCCs. This com-
putation is important because an RCC being connected to a
BCC more than once indicates that there is at least one handle
formed between them [e.g., see the nodes labeled “1” and “7”
in Fig. 4(d)]. The way we define the number of connections be-
tween an RCC and an adjacent BCC can be considered as a gen-
eralization of the definition of topological numbers, which char-
acterize the number of connections between a single point and
its adjacent object components. This generalization leads to the
concept ofstrong connectivityandstrongly connected compo-
nent (SCC) labelingas will be presented later. A subtlety exists
when a handle is entirely contained within the RCC itself, as
illustrated in Fig. 8. In this case, calculation of the number of
connections between the RCC and its adjacent BCCs does not
reveal the “hidden handle”. The definition of aweak connec-
tivity is aimed to resolve this problem. We found that if a handle
is contained fully in the RCC but not in the BCC as in Fig. 8
(otherwise, the handle is not yet broken by the opening at the
current scale), then there will be two neighboring points in the
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Fig. 8. Illustration of the strong and the weak connectivity definitions (n =

18). The gray points belonging to one RCC, the dark disks and the squares
represent points belonging to two separate BCCs, and the rest are background
points. It can be seen that a handle exists in the RCC.

RCC that are notweakly connectedbut would be assigned to
the same SCC (e.g., points with labeland in Fig. 8). Thus,
by removing one point from each nonweakly connected pair of
neighboring points, we break handles within an RCC. We first
present the two definitions (which are new as far as we know):

Definition 3 (Strong Connectivity):Let . Two
points that are -adjacent to are strongly

-connected with respect to if (or
equivalently, ) and their geodesic neighbor-
hoods of order inside intersect each other, i.e.,
and share at least one common point.

Definition 4 (Weak Connectivity):Let . Two
points that are -adjacent to are weakly

-connected with respect to if there exists another point
in that is strongly -connected to both and .

In the above definitions, is chosen with respect to as in
the definition of topological numbers. For example, ifis ,
then is 3. We note that strong connectivity implies weak con-
nectivity.

An illustration of the above definitions is shown in Fig. 8.
Suppose we consider the strong or weak connectivity relation-
ship among the gray RCC points with respect to the BCC con-
sisting of all the dark squares, and assume that the digital con-
nectivity rule is . It is easy to check that the pairs such as

, and are all strongly connected
pairs of residue points. Pointsand are -neighbors to each
other and both 18-adjacent to the BCC, but they are not weakly
connected by the above definition. This signals a hidden handle
inside the RCC itself. We can break the handle by removing ei-
ther point or to background. Note that if the point with label
1 is also a residue point, then the handle does not exist, but then

and become weakly connected. Another variation is when
point 2 is a foreground point and, thus, belongs to the BCC of
dark squares. In this case, the handle is contained in the BCC
also, which says that the handle is not yet broken at the current
scale. Whether we can detect the handle in the RCC is no longer
a relevant issue.

Now let be an RCC and be a BCC that is -adjacent to
. The number of connections between and is defined

to be the number ofstrongly connected components(SCCs)

Fig. 9. Necessity of merging RCCs. (a) 6-connectivity and (b) 18-connectivity.

formed with respect to by the points in that are -adja-
cent to . There are handles formed betweenand if is
connected to more than once or, equivalently, if the points of

that are -adjacent to form more than one SCC under the
strong connectivity definition. Thus, after SCC labeling, if mul-
tiple SCCs exist within the RCC, we remove all but the largest
one in order to break the handles formed between the RCC and
the BCC under consideration. As noted above, during the SCC
labeling process, we use the weak-connectivity criterion to de-
tect hidden handles, and break them when found.

In particular, we perform thestrongly connected component
labeling (in an RCC with respect to a BCC ) in the fol-
lowing way (note that we need only consider the points of
that are -adjacent to ). We start with an unlabeled point in

that is adjacent to and assign to it a new SCC label. Con-
sider all its -connected neighbors that are adjacent to. Add
a neighbor to the SCC if it is strongly connected. If the neighbor
is not weakly connected then relabel it as background. Repeat
with another neighbor of the SCC until no more neighbors can
be added into it. Then, start from the beginning again to grow
another SCC if possible. We remark that there is some arbitrari-
ness in the specific result of the above algorithm as to which
point to remove in a nonweakly connected pair of neighbors.
Thus, the result of this algorithm is not guaranteed to be unique.

If more than one SCCs exist in with respect to —i.e.,
is connected to more than once—we keep only the largest

SCC, removing all the others by turning them into background.
After removing all but the largest SCC, each RCC is now con-
nected to a BCC only one time at most. This step breaks the
simple cycles formed by one BCC and one RCC in a connec-
tion graph like the one between BCC1 and RCC7 in Fig. 4(d).
Since modifying an RCC with respect to one BCC may change
the connection between the RCC with other BCCs, we repeat the
SCC removal until no more changes are made. This procedure
can also split an RCC into several disjoint parts. If this happens,
we assign additional labels to each of the new residue compo-
nents.

Before proceeding to graph-based handle detection, it is nec-
essary to consider the merging of two or more RCCs. The reason
for this is illustrated in Fig. 9(a), where 6 is assumed. In this
figure, the dark points belong to the body while the gray points
belong to the residue. The numbers beside the points indicate
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Fig. 10. An example of a connection graph. Suppose RCC R1 is larger than
R2 and R3.

the respective BCC/RCC labels. If a graph were formed having
one node per label and one edge per connection, the graph would
contain the cycle 1-3-2-4-1. Graph analysis would require that
either RCC 3 or 4 be removed in order to break the cycle, an
apparent handle. Yet, careful scrutiny of the figure shows that in
reality the body and residue points taken together form a solid
object without any handles. No residue need be removed since
there is no handle to break. A similar situation can occur in the
case of 18-connectivity, as illustrated in Fig. 9(b).

To resolve the problem, we merge the RCCs that represent the
same cut between two body components. Two RCCs are said
to represent thesame cutwith respect to two BCCs if the two
RCCs are 18-connected at the face (if 6) or 26-connected
at the cube (if 18) where the separation between the two
BCCs occurs, such as RCC3 and RCC4 in Fig. 9(a) or 9(b). It
is easily seen that in such cases, there can be no background
path passing through the junction where the four components
(two RCCs and two BCCs) meet. Thus, the two RCCs need to
be merged as one single RCC since the cycle otherwise formed
by the four components does not represent a true handle. In our
implementation, we merge two RCCs and if there are
two points and such that and
and have two common -neighbors that belong to two distinct
BCCs. An RCC can be merged with more than one RCCs if it
satisfies this criteria with each one of them.

D. Graph Construction and Cycle Breaking

After considerable preparation, we are now in position to
build a graph whose nodes represent the RCCs and BCCs and
whose edges represent the connections between them, as illus-
trated in Fig. 4(d). Note that at this stage, there can be at most
one edge between an RCC node and a BCC node. That is, cycles
(handles) involving one RCC and one BCC with two or more
edges between them, like BCC1 and RCC7 in Fig. 4(d), are al-
ready broken in the previous step by removing multiple SCCs.
The remaining handles appear as cycles in the graph that are
formed by more than two nodes. The graph analysis in this step
aims to find such cycles and break them by removing one node
from each cycle. Because of the CTE, it is reasonable to assume
that the RCCs are much smaller in size than the BCCs. Accord-
ingly, our strategy is to remove one RCC from each cycle in
order to break it, which breaks the corresponding object handle
in the volume. Since we break cycles by removingnodesfrom
the graph rather thanedgesas in [29], [30], the maximum span-
ning tree algorithm (see [38]) cannot be applied in our approach.
A different strategy must be used.

One strategy, which we employed in our earlier work [31], is
to identify a cycle (in random order) and break it by removing

the smallest RCC belonging to it. This simple approach, how-
ever, can result in unexpectedly large changes to the volume. For
example, in the case illustrated in Fig. 10, R2 would be removed
first if the cycle R1-B1-R2-B2-R1 were found first and R2 were
smaller than R1. Later, R3 must be removed in order to break
the cycle R3-B1-R1-B3-R3. Unfortunately, these steps cause B4
to be disconnected from the other BCCs, and this might corre-
spond to a very large change to the volume if B4 is large. It is
clear from the figure that we could have actually removed R1 to
break both cycles, and no BCC would be disconnected.

A better strategy for breaking cycles is based on building
cycle-free subgraphs. In this approach, we start by identifying
RCCs that we cannot remove without disconnecting a BCC.
R3 in Fig. 10 is such an RCC, for example, since its removal
would disconnect B4. We refer to these RCCs asleafnodes of
the graph. The key observation here is that B4 is connected to
the rest only through R3. Thus, instead of removing RCCs from
the original graph to break cycles, we try to build a maximum
subgraph without any cycles (a maximum subtree) starting from
leafnodes.

In the following algorithm, the RCCs and the BCCs are la-
beled separately. The label of an RCC is taken from the set
unvisited visited deleted leafnode . The label of a BCC is

a number that indicates a subtree label.
Algorithm 2 (Subtree Growing Algorithm):

0. Label all the RCC nodes of the graph asunvisited ,
setsubtreelabel .

1. Find each RCC node that is the onlyunvisited
RCC node connected to a BCC node, and relabel it as
a leafnode .

2. If all the RCC nodes are labeled as eithervisited
or deleted , then stop. Otherwise, find the largest
leafnode . If there are noleafnode s, find the
largestunvisited RCC node . Relabel as
visited .

3. Check the subtree labels of all the BCCs
that are connected to . If none of them

are assigned a subtree label yet, then incrementsub-
treelabel , and assign it to . If
only one of them is labeled, then assign its subtree label
to the other s. The remaining possibility is that two
or more of the s are labeled and have distinct subtree
labels. In this case, merge these subtrees as one, and as-
sign (or reassign) the merged label (e.g., the smallest
label) to all the s.

4. For eachunvisited or leafnode RCC, check
whether it has two or more connected BCCs that have
the same subtree label. If so, the RCC forms a handle
with this subtree and is relabeled asdeleted .

5. Go to Step 1.

After subtree growing, the new object is reconstructed by
putting together all the BCCs and RCCs except those RCCs that
are labeled asdeleted . It is easy to check that this algorithm
correctly removes R1 in the graph in Fig. 10, and our experi-
ence is that it correctly handles the vast majority of cases. In
rare occasions, however, it can happen that more than one sub-
trees exist after the algorithm stops. In this case, the original
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object is split into disjoint parts with one or moredeleted
RCCs connecting them. Ideally, one would like to connect the
subtrees so that no body component is lost; but the development
of a systematic approach for this process turns out to be a chal-
lenging task. It involves splitting one or moredeleted RCC
into appropriate pieces, some of which are removed to break the
handles while others are kept so that the subtrees can be jointed
together. We have no algorithm for doing this at present. Instead,
for these cases we simply remove all thedeleted RCCs and
retain the largest resulting subtree as the reconstructed object.
In our experiments, this situation occurs very infrequently and
this simple strategy has never brought about a drastic change to
the corrected volume. We also note that removing a whole RCC
node can sometimes remove good points if the points do not be-
long to the edges of the cycle to be broken. We run a final pass of
CTE after the graph analysis to bring these points back, which
will be discussed in Section III-E.

E. Final Stages

There are several steps that must be performed after graph
reconstruction. First, it is usually possible to append points that
were unnecessarily removed during the connected component
labeling and the graph analysis. To do this we apply another
pass of CTE using Algorithm 1 with the new object as the body
set and the removed points as the residue set. Second, if the
present filter is a background filter, the volume is inverted so
that background becomes foreground and vice versa. Third, we
apply the saddle point MC algorithm to this volume using an iso-
value corresponding to the selected connectivity. Last, we com-
pute the genus of the resulting surface. This finishes one pass
of the foreground or background filter. If the genus is zero, then
the topology of the new volume is correct, and we stop. Oth-
erwise, the proposed algorithm either switches to the opposite
filter (background vs. foreground) at the same scale (if not al-
ready applied) or increases the scale of the current filter, and re-
peat the topology correction on the new volume [see Fig. 3(a)].
The algorithm is guaranteed to converge because at some scale,
the morphological opening must completely break all the han-
dles, and the CTE and the graph algorithms that follows can then
produce a handle-free new object.

IV. RESULTS

A. Simple Demonstration

We applied our algorithm to the piece of white matter shown
in Fig. 11(a). Application of a foreground filter with 18
yields the object shown in Fig. 11(b), while a background filter
with 6 yields the object in Fig. 11(c). The foreground filter
removed the handle by breaking it along a thin part, while the
background filter filled the tunnel with a thin sheet. In both
cases, the “cuts” are small and clearly not oriented in Cartesian
directions. Fig 11(d)–(h) depicts the foreground cut (black) on
a succession of slices through the object.

B. Brain Volumes

We applied GTCA to 15 MR brain image volumes obtained
from the Baltimore Longitudinal Study on Aging [39], [40].
The typical image size after cropping the background is

Fig. 11. (a) A handle taken from an actual white matter volume. The result
of using (b) a foreground filter and (c) a background filter. (d)-(h) Consecutive
slices showing the cuts made by the foreground filter.

140 200 160 voxels. All images were preprocessed and
segmented using an updated version of the method described
in [15]. Several versions of GTCA were applied to these data
sets, including alternating foreground and background filters,
foreground-only and background-only filters, alternate object
connectivity definitions, and both ball-shaped and cross-shaped
basic structuring elements. All filters produced the correct
topology in the end, but their performances differed (see
Tables I–VI).

The results shown in Tables I–VI used 18-connectivity for the
foreground, 6-connectivity for the background, and the 18-con-
nected digital ball for the basic SE. The first row of the tables
(under the headings) shows the original genus (number of han-
dles) of the binarized white matter volumes, and the rows below
show the genus after each filter stage until a zero genus is ob-
tained in all image volumes. The left-most entry in each row
uses an abbreviated notation to indicate whether the filter is
a foreground (f) or background (b) filter and the scale of the
structuring element. For example, the notation “f2” means fore-
ground filter with structuring element size 2 (the basic SE di-
lated by itself once) and “b3” means background filter with
structuring element size 3. The second to last row shows the
number of voxels changed in the final topologically correct vol-
umes as compared with the original ones. The last row shows
the average number of voxels changed per handle (ANCPH),
which is the ratio of the total number of voxels changed to the
genus of the original volume.

Tables I and II show the results from alternating sequences of
foreground and background filters with increasing scale. Com-
paring the results of the two tables, we see that there are al-
ways fewer voxels changed and, thus, better ANCPH when the
background filter is applied first. The reason for this is that the
background filter assumes 6-connectivity while the foreground
assumes 18-connectivity. As a result, narrower “swaths” can be
used to fill tunnels in the background. On the other hand, the
foreground filter yields a fasterinitial reduction in the genus,
which shows that the original white matter segmentations have
more thin handles than small tunnels. As shown in the tables, the
ratio of the number of voxels changed to the genus of the orig-
inal volume is around 2.8 for the F-B sequence and less than 2.0
for the B-F sequence. It should be noted that the quality of the
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TABLE I
GENUS, NUMBER OF VOXELS CHANGED, AND ANCPH OF USING A F-B SEQUENCE. (n; �n) = (18, 6); SE= 18-BALL

TABLE II
GENUS, NUMBER OF VOXELS CHANGED, AND ANCPH OF USING A B-F SEQUENCE. (n; �n) = (18, 6); SE= 18-BALL

TABLE III
GENUS, NUMBER OF VOXELS CHANGED, AND ANCPH OF USING F-FILTERS ONLY. (n; �n) = (18, 6); SE= 18-BALL

TABLE IV
GENUS, NUMBER OF VOXELS CHANGED, AND ANCPH OF USING B-FILTERS ONLY. (n; �n) = (18, 6); SE= 18-BALL

TABLE V
GENUS, NUMBER OF VOXELS CHANGED, AND ANCPH OF USING A B-F SEQUENCE. (n; �n) = (18, 6); SE= 6-CROSS

TABLE VI
GENUS, NUMBER OF VOXELS CHANGED, AND ANCPH OF USING AN F-B SEQUENCE(n; �n) = (26, 6); SE= 18-BALL

initial segmentation has a substantial impact on ANCPH. There-
fore, although our results are comparable to those in [29] and

[30] this does not allow us to conclude that the algorithms are
comparable. A direct comparison on the same data is needed.
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Tables III and IV show the results arising from the applica-
tion of only one type of filter, foreground or background, respec-
tively. These tables verify that our algorithm can achieve a topo-
logically correct result by either cutting handles or filling tun-
nels exclusively. It is also observed that the background filters
yield overall fewer changes to the volume than the foreground
filters. Once again, this can be attributed to the fact that the
background filters assume 6-connectivity rather than 18-con-
nectivity. Comparing these tables with Tables I and II also shows
that the topological correction with the smallest modification
to the volume is achieved by alternating background and fore-
ground filters. This process guarantees that a topological defect
is corrected at the smallest possible scale.

Table V shows the results of using the 3-D cross as the
basic SE instead of the 18-ball. Again, the correct topology
is achieved for each data set. Comparing this result to that
in Table II reveals that the cross has better performance as
measured by the total number of voxels changed. This is
attributed to the fact that the cross has finer structure than
the ball, so defects can be corrected at even finer scales. The
tradeoff is that the cross requires five scales instead of four
and, therefore, more computation time in order to guarantee
topological correctness of all 15 volumes.

Table VI shows the result from application of 26-connectivity
to the foreground and 6-connectivity to the background. As ex-
pected, GTCA successfully corrects the topology of all 15 brain
volumes. Comparison with Table I, however, shows that it does
not perform as well as the (18,6) topological pair, as measured
by the number of voxels changed in the final volume. It is also
interesting to note that use of 26-connectivity yields a much
larger genus in theoriginal volume than does use of 18-con-
nectivity. These facts taken together suggest that use of (18,6)
connectivity rather than (26,6) connectivity will produce a more
delicate topological correction.

C. Visualization and Computation

Fig. 12 shows one part of a WM/GM surface before and after
topology correction using a background-foreground sequence
with 6 connectivity for the background and 18-connectivity for
the foreground. The basic structuring element used in this exper-
iment is the 18-ball. All handles seen in Fig. 12(a) are clearly
removed in Fig. 12(b).

The processing time of GTCA depends on the total number of
foreground/background filters required. For the results shown in
Tables I–VI, each filter took less than 3 min on an SGI Onyx2
workstation with a 250-MHz R10000 processor, and the total
processing time for each brain volume took less than 10 min.

V. DISCUSSION

We have experimentally shown that our topology correction
algorithm works successfully on brain volumes having large
numbers of handles. Furthermore, it works successfully with
different choices of connectivity rules, different filtering se-
quences, and different structuring elements. It is clear from the
theory that it will always produce a topologically correct final
volume; however, we make no claim that our result is optimal
by any criteria. Instead, our approach can be considered to be

Fig. 12. Cortical surfaces obtained (a) before and (b) after topology correction.

a (presumably) suboptimal solution to the goal of producing a
topologically correct object by making the fewest number of
changes to the voxels in the original volume.

It might be asked, however, whether the criterion of making
the fewest number of changes to the original volume is a sensible
one. The primary rationale behind this criterion is that topology
defects are caused by image noise, and are primarily of a fine
scale. Our strategy to alternate between foreground and back-
ground, then go from fine to coarse scales acknowledges the fact
that such noise can either “add” or “remove” parts of the object
and that noise can sometimes group together to form larger de-
fects.

But this focus and strategy does not necessarily make changes
that are concordant with the actual anatomy. For example, sup-
pose two opposing banks of a sulcus were wrongly “bridged”
near its gyral lips. The two possible corrections to this topolog-
ical defect are to remove the bridge or to fill the entire sulcus.
If the sulcus were very narrow and the bridge were very thick,
then it is possible that our algorithm would erroneously fill the
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sulcus. Fortunately, this situation is unlikely to exist when cor-
recting the white matter volume, since the sulcal separation in-
cludes both the sulcal gap itself and both sulcal banks com-
prising cortical gray matter. Therefore, it is unlikely that such
bridges will exist, assuming a good segmentation algorithm is
used. Furthermore, it is much more likely that the scale of any
such bridge will be smaller than the scale of the sulcus. In this
case, the bridge will be cut first and the correct result will be
achieved regardless of the order of background and foreground
alternation. On the other hand, if our algorithm were applied
to a segmentation comprising both the gray matter and white
matter, then an erroneous sulcal filling is more likely. Thus, it
is important for the production of anatomically correct results
that a good segmentation algorithm be used, and our correction
algorithm is applied on the white matter segmentation.

It is conceivable that further improvements to our algorithm
can be made by taking anatomical information into account. As
a first step, it would be desirable to incorporate either intensity
information from the MR images or partial volume information
from a fuzzy segmentation into the algorithm. This information
might be useful in distinguishing a weak bridge from actual cor-
tical gray matter, for example, preventing the erroneous sulcal
filling described above. Also, we might weight the voxels by a
suitable function of the image intensity when performing the
CTE and the cycle breaking. It may even be possible to de-
velop a fully gray-scale topological correction scheme, rather
than relying on a binary segmentation as in our algorithm. More
detailed anatomical information could also come from higher-
level image analysis steps such as a volumetric registration to a
brain atlas which would allow us to label sulci versus gyri, and
even to label certain voxels as “anomalous” because they do not
register well to labeled parts of the atlas. Such anomalous re-
gions would then be made more susceptible to removal under
topological correction. Although we have not identified any spe-
cific problems regarding incorrect anatomical corrections using
our algorithm, it may be fruitful to explore these ideas for future
incorporation should such problems arise after more extensive
evaluation.

VI. CONCLUSION

We have developed and evaluated GTCA, an automatic
method to remove handles in 3-D digital images. GTCA is
fundamentally based on the theory of digital topology and
uses results from mathematical morphology, implicit surface
tiling, and graph theory. The advantages of using GTCA are as
follows.

1) It is intrinsically 3-D, cuts (respectively, fills) handles (re-
spectively, tunnels) naturally in arbitrary directions.

2) It works with any consistent pair of digital connectivities.
3) It uses morphological opening as a multiscale analyzer so

that corrections are made at the smallest scales.
4) A foreground filter or background filter can be used alone

to cut handles or fill tunnels exclusively, if desired.
The method has been shown to work very well on 15 MR-seg-

mented volumes. We expect GTCA to be a useful automated tool
that can help the processing of large numbers of brain data sets
for brain geometric and functional analysis studies across pop-
ulations.
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