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Abstract

Activecontourand surfacemodels,also knownas de-
formablemodels,constitutea classof powerful segmen-
tation techniques. Geometricdeformablemodelsimple-
mentedvia level-setmethodshaveadvantagesover para-
metric onesdue to their intrinsic behavior, parameteriza-
tion independence, and easeof implementation.However,
a long claimedadvantageof geometricdeformablemodels
— theability to automaticallyhandletopology changes—
turnsout to bea liability in applicationswhere theobjects
to be segmentedhavea knowntopology that mustbe pre-
served. In this paper, we presenta geometricdeformable
modelthat preservestopology usingthe simplepoint con-
cept from digital topology. This algorithm maintainsthe
other advantagesof standard geometricdeformablemod-
els including sub-pixelaccuracy and production of non-
intersectingcurves(or surfaces). Several experimentson
simulatedand real data are provided to demonstrate the
performanceof theproposedalgorithm.

1. Intr oduction

Active contour and surface models, also called de-
formablemodels,arecurvesor surfacesthatdeformwithin
two-dimensional(2D)or three-dimensional(3D) digital im-
agesundertheinfluenceof bothinternalandexternalforces
anduserdefinedconstraints.Ever sincetheir introduction
by Kasset al. [1], thesealgorithmshave beenat the heart
of oneof the mostactive andsuccessfulresearchareasin
edgedetection,imagesegmentation,shapemodeling,and
visualtracking.Deformablemodelsareclassifiedaseither
parametricactive contours(cf., [1–3]) or geometricactive
contours(cf., [4–8]) accordingto their representationand
implementation. In particular, parametricactive contours
are representedexplicitly as parameterizedcurvesor sur-
facesin a Lagrangianformulation. Geometricactive con-
tours,on theotherhand,arerepresentedimplicitly aslevel
setsof higher-dimensionallevel setfunctionswhich evolve

accordingto anEulerianformulation[9].

Parametricdeformablemodels(PDMs) arethe olderof
two formulationsandhave beenusedextensively in many
applications(see[10], for example).Geometricdeformable
models(GDMs)wereintroducedmorerecentlyby Caselles
et al. [4] andby Malladi et al. [5], andhave severaladvan-
tages.First, they arecompletelyintrinsic andindependent
of theparameterizationof theevolving contour. Thus,there
is no needto addor removenodesfrom theinitial parame-
terizationor adjustthespacingof thenodes.Second,thein-
trinsic geometricpropertiesof thecontour(e.g.,curvature)
canbeeasilydeterminedfrom thelevel setfunction.Third,
thepropagatingcontourcanautomaticallychangetopology
(e.g.,mergeor split) without requiringanelaboratemecha-
nismtohandlesuchchanges.Finally, theresultingcurvesor
surfacesdo not containself-intersections,which arecostly
to preventin parametricdeformablemodels.

Thereare someapplicationsin which the topology of
the soughtobject is known, and the resultingdeformable
modelshouldconformto this topology. For example,in the
analysisof 3D brainimagesit is desirablethatareconstruc-
tion of the cortical surfacehave a topologythat is consis-
tent with brain anatomy[11,12]. Recently, in fact, there
have beenseveral methodsreportedto correct the topol-
ogyof acorticalsegmentationaftertheinitial (topologically
wrong) segmentation[13,14]. To enforcea given topol-
ogy during evolution of the deformablemodel, paramet-
ric deformablemodelshavealwaysbeenusedbecausetheir
topologyis explicitly maintainedin theLagrangianformu-
lation. Self-intersectionscanbecomea problem,however,
assimplecurvesand surfacesaregenerallyrequired,and
the computationaldemandsrelatedto self-intersectionde-
tectionarevery high [12]. Geometricdeformablemodels
preventself-intersection,but therehasbeenno mechanism
prior to thispaperto preventtopologicalchangesduringge-
ometriccurve/surfaceevolution.

Clearly, thereis a needfor geometricdeformablemod-
els that enforcea topologicalconstraint. In this paper, we
developsuchatopologypreservingmechanismfor geomet-
ric deformablemodelsthatguaranteesthatthefinal curveor



surfacehasexactlythesametopologyastheinitial one.The
topologypreservationis achievedby maintainingthetopol-
ogy of the digital objectenclosedby the implicit contour,
for which we make useof the simplepoint criterion from
digital topology[15,16]. We notethatour approachmain-
tainsthe sub-pixel interpolationpropertyof geometricde-
formablemodels,which sharplycontrastsour methodwith
thetopologypreservingregion growing methodof Mangin
et al. [17]. The topology preservingmechanismwe de-
scribecanbeusedwith any existing2D or 3Dgeometricde-
formablemodel,regardlessof theinternalor externalforce
definition,yieldingalargenew classof topologypreserving
geometricdeformablemodels.

2. Background

In thissection,wefirst presentabrief introductionto ge-
ometricdeformablemodelsand the evolution of level set
functions.Wethenintroducesomebasicnotionsaboutdig-
ital topologyandsimplepoints,conceptsthatwill beused
to yield a topology preservingmechanism.We conclude
with a descriptionof isosurfaceandisocontouralgorithms,
which mustbe implementedcorrectly in orderto yield an
accurateandtopologicallycorrectrepresentationof theim-
plicit surfaceor contourextractedafter topologicallycon-
sistentevolutionof its level setfunction.

2.1. Geometric deformable models Geometric de-
formable modelsare basedon the theory of curve evo-
lution and are implementedusing the level set numerical
method[9]. Let �����
	���
 be a given image,where
������� in 2D and ������� in 3D. In geometricdeformable
models,theevolving 2D curvesor 3D surfacesareembed-
dedasthe zerolevel setof a higherdimensionallevel set
function ��������� ���!�#"$� 
 	%� , andpropagateimplicitly
throughthetemporalevolutionof � . By convention, � is a
signeddistancefunctionto thecurvesor surfaceswith neg-
ativevalueinsidethecontourandpositiveoutside.It canbe
computedefficiently by thefastmarchingmethod(cf., [9]).

Theevolution of the level setfunction � is usuallypre-
scribedby aPDEof thefollowing form (cf., [9]):

�'&)(+*-,/.102,!3 45��3768*-9;:/.=<!3 4>��376?*�@2AB<�CD4>�E� (1)

where *-,/.102, , *-9;:/.=< and *-@�A/< arespeedor force termsthat
canbespatiallyvarying. * ,7.102, is anexpansionor contrac-
tion speed.*-9;:/.=< is a partof thespeedthatdependson the
intrinsicgeometry, especiallythecurvatureF of thecontour
and/orits derivatives. * @2AB< is an underlyingvelocity field
thatpassively transportsthecontour. As anexample,wecan
choose*�,7.10�, to bea region force (alsoknown asa signed
pressureforce) �5�1�G� , and * @2AB< to bea gradientvectorflow
force HI ���G� [3], andtheevolutionequationbecomes:

�'&J�1�G�'(�K)LM�5���G�/3 4>��316NKPOQF-�1�G�73 4>��3165K'RS HI �1�G�TC�4>�E� (2)

where KML , K)O , and K'RS are the weightsfor the respective
forces. For a 0-1 valuedbinary image � , �5���G� canbede-
finedto be �5���G�U(+VW�G�1�G�YX[Z , sothat �5�1�G� is anexpansion
forceinsidetheobjectandacontractionforceoutside.

The numericalsolution of Eq. (1) can be obtainedby
approximatingthe time derivative by a forward difference
andthespatialderivativesontheright-handsideby upwind
numericalschemes(for detailssee[9]), whichgives:
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where a5� representsa discreteapproximationto theright-
handsideof Eq. (1), and ac� is thetime step-size.Then,at
eachtimestep �1de6fZg� ah� , weupdatethevalueof thelevel
setfunction � ateachgrid point � ( �1ij�lkm� in 2D and �1ij�nkQ�jop�
in 3D) from its previous value � \ , until convergenceor
afterauserspecifiednumberof timesteps.

In this framework, updatingof the level set function �
is performedonfixedgrid points;thus,noparameterization
of thecurvesor surfacesis neededduringthedeformation.
The parametricrepresentationis only computedafter the
evolution is completed,that is, by takingthezerolevel set
of thefunction � at thelasttimestep.Thissteprequiresan
isocontouror isosurfacealgorithm.

For efficiency, the narrow-bandmethodcanbe usedto
updatethelevel setfunctiononly at a smallsetof pointsin
the neighborhoodof the zerolevel set insteadof at all the
pointsof thecomputationaldomain.Thisscheme,however,
requiresrecomputingthe level set function after a certain
amountof time steps,sincethe zerolevel setmight move
outof theupdatingregion [9].

Another issueis that the speedfunction is meaningful
only at themoving contour, i.e., thezerolevel set,andthus
it is sometimesnecessaryto “extend” thespeedfunctionat
thezerolevel setto theentirecomputationaldomain.One
extensionmethodcanbe found in [9] which aimsto keep
the level set function � to be a signeddistancefunction
throughoutthe evolution and thuseliminatesthe needfor
re-initialization.

It is well known thatthetopologychangeof theembed-
dedcontouris automaticduring the evolution of the level
set function � , which alsomeansthat the topologyof the
final contouris unpredictable.

2.2. Digital topology A 2D (resp.3D) digital (i.e. bi-
nary) image q � r � (resp. r � ) is definedas a square
(resp.cubic) array of lattice points. We follow the con-
ventionaldefinitionof s -neighborhoodand s -connectivity,
where s+tvu7w!��xpy in 2D and svtvugzp�7Z7xp�jVWzpy for a 3D im-
age.We denotethe s -neighborhoodof a point � by {c|}�1�_� ,
and the set comprisingthe neighborhoodof � with � re-
movedby {�~| ���G� . Thesetof all s -connectedcomponents
of ���fq is denotedby �p|}�1��� .

In orderto avoid a connectivity paradox,differentcon-
nectivities, s and Hs , mustbe usedin a binary imagecom-
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Figure1: (a) An ambiguousface; (b) and(c) are two possible
tilings. (d) An ambiguouscube;(e)and(f) aretwopossibletilings.

prisinganobject(foreground)� anda background H� . For
example,in 2D, if s is chosento be 4, then Hs mustbe 8,
andvice versa.In 3D, (18, 6) and(26, 6) aretwo pairsof
compatibleconnectivities. Following [16], we distinguish
the 6-connectivity associatedwith the 18-connectivity by
zQ
 -connectivity, whichis requiredto correctlycomputethe
topological numbers (seebelow). Thefollowing definitions
arefrom [16] and[18], where ��(#x in 2D and ��(#VWz
in 3D.
Definition 1 (GeodesicNeighborhood) Let ����q and
��t�q . Thegeodesicneighborhoodof � with respectto
� of order o is the set {��| ����� ��� definedrecursivelyby:
{�^| ����� ����(�{�~| ���G���[� and {��| �1�-� ����(
�'uD{c|}���p�'�
{�~� �1�G�������-��t�{��g�}^| ���������jy��
Definition 2 (Topological Numbers) Let � � q
and � t q . The topological numbers of the
point � relative to the set � are: �_�Q�1�-� ��� (� � � ��{$�� �1������� and �}�Q����� ��� ( � �p�T��{�^� �1������� in
2D; and �}�Q����������( � �p�T��{$�� �1������� � , � �j� �1�-� ����(� �p�T��{$�� �1������� � , � ^ � �1�-� ��� ( � � ^ � ��{��^ � �1�-� ����� , and
� � � ����� ���$( � � � � ��{�^� � �1������� � in 3D, where

�
denotes

thecardinality of a set.
Topologicalnumbersareusedto classify the topology

type of a grid point, especiallyfor the characterizationof
simplepoints.A point is simpleif its additionto or removal
from theobjectdoesnot changethe topologyof eitherthe
objector thebackground,in otherwords,it doesnotchange
the numberof connectedcomponents,numberof cavities
and handlesof both the foregroundand the background.
It is proven in [16] that a point � is simpleif andonly if
�_|_����� ����(¡Z and �)R|}�1��� H����(#Z , where �1sP�WHsY� is a pair of
compatibleconnectivities.

2.3. Isosurface/isocontouralgorithms In 3D,themarch-
ingcubes(MC) algorithmis astandardisosurfacealgorithm
that producesa triangulatedsurfacewhoseverticeslie on
theedgesof thecubiclattice[19].

As shown in Fig.1, thewayin whichanisosurfaceinter-
sectsa cubeis not alwaysunique,which resultsin the so-
calledambiguousfaceandambiguouscubecases.Thema-
jor differencebetweendifferentMC algorithmslies in how
they choosebetweenthe two possibletilings for the am-
biguouscases.A well-acceptedcriterionis thatthesurface
tiling shouldcorrectlyreflectthetopologyof theisosurface
itself. Undertheassumptionthattheembeddingfunctionis
denselysampledso that it is approximatelylinearon each
cube,facesaddlepointsandbodysaddlepointscanbeused
to produceisosurfacesthataretopologicallyconsistentwith
theembeddedimplicit surfaces[20]. We notethat thesad-
dle pointsarethecritical pointsof theembeddingfunction
— that is, thepointswherethefirst orderderivativesof the
functionareall zero.

In this paper, we needan isosurfacealgorithmthat can
correctly representthe topology of a binary object pre-
scribedby agivendigital connectivity. For thispurpose,we
proposethe useof a connectivityconsistentMC (CCMC)
algorithm. In this algorithm, the coordinatesof surface
intersectionsare still computedthrough linear interpola-
tion, but whichsurfacetiling to choosedependson thepre-
defineddigital connectivity. In particular, we choosethe
tilings in Figs.1(c)and1(e)for thecorrespondingambigu-
ous casesrespectively if the black points are assumedto
be 18-connectedwhile the white pointsare zT
 -connected.
If the black points are assumedto be 26-connected,then
Figs.1(c)and1(f) shouldbeusedinstead.

The correspondingalgorithm in 2D can be called the
connectivityconsistentmarching squares (CCMS) algo-
rithm. The only ambiguouscasethat needsspecialcare
is an ambiguoussquare(e.g., the front face of the cube
in Fig. 1(a)). The correcttiling shouldseparatethe white
pointswhile connecttheblackonesif theblackpointsare
8-connected,andviceversa.

3. NewAlgorithm

Our topologypreservingmechanismexploits thebinary
natureof theobjectthat is delineatedby thelevel setfunc-
tion. In this framework, the topologychangesat the zero
level setaredirectly relatedto thesignchangesof thelevel
set function. A constraintcan then be imposedto keep
thetopologyunchangedwhile theimplicit contoursdeform.
Theresultingdeformablemodelbehavesexactlyastheun-
derlying model except at placeswheretopology changes
canoccur. In particular, the modelstill deformscontinu-
ously, andsub-pixel accuracy is maintained.

Assumethattheimplicit contouris embeddedasthezero
level setof a level setfunction. Thenat a given time step
eachgrid point is either insideor outsidethe contourde-
pendingon the sign of the level set function at that point.
We arbitrarily assignpointswith zerodistanceto beinside
thecontour. Thetopologyof thedigital objectdefinedto be



insidecanonly changeif theinside/outsidestatusata point
is changedor, equivalently, if thelevel setfunctionchanges
sign at a grid point. Therefore,to preserve the topology
of theobject,the level setfunctioncanonly beallowedto
changesign at simplepoints. This is the principle of the
topology preservingconstraintthat we impose. We now
givea detaileddescriptionof its implementation.

We follow the narrow bandimplementationof geomet-
ric deformablemodelssinceit is computationallyfast. In
thestandardimplementation,thelevel setfunction � is up-
datedateachiterationusingEq.(3) in thenarrow band,and
is periodicallyrecomputedoverthewholegrid afterseveral
or many iterations.In ourtopology-preservingimplementa-
tion, it is convenientto storeabinary-valuedindicatorfunc-
tion ¢ , definedon the digital grid, which is 1 where � is
negative or zeroandis 0 otherwise.Our methodreplaces
the computationof Eq. (3) with the following algorithm,
wherethe level set function � at time d£6�Z is to be up-
datedfrom its previousvalue � \ :

Algorithm 1 (Topology Preserving Update) For each
grid point � in thenarrow-band:

1. Compute�U¤�¥;¦ , �1�_�U(+� \ �1�_�-6bah� a5� \ �1�_� .
2. If � ¤§¥;¦ ,m���G� has the samesign as � \ �1�_� , then set

� \ 
-^¨���G�©(ª�U¤�¥;¦ , ���G� andgo to Step6. Otherwise
continueto Step3.

3. Compute the topological numbers � | ��������� and
�)R|G����� H��� , where�1sP�¨Hs�� is thechosendigitalconnectiv-
ity pair, ��(�uD�M3 ¢��1�_�'(�ZWy , and H�«(¬uD�M3 ¢��1�_�U(f­py .

4. If thepoint is simple— i.e., � | �1�-� ���](`� R| ����� H���](
Z — thenset � \ 
M^¨�1�_�U(+�U¤§¥;¦ , �1�G� , ¢����G�U(���¢©�1�_�T6
ZD� mod V , and go to Step6. Otherwisecontinueto
Step5.

5. Point � is not simple. Do not allow the front to pass
over � by makingsure � \ doesnot changesignat � .
Accordingly, set � \ 
-^W�1�G��(�®B� \ ���G� , where ® is a
smallpositivenumber.

6. Pickup thenext point � in thenarrow band,andgo to
Step1.

We notethat therecanbesomearbitrarinessin thespe-
cific result of this algorithm dependingon the order in
which the pointsarevisited in the narrow band. This sit-
uationis well known in skeletonizingalgorithmswherethe
resultdependson theorderof simplepoint removal. Cur-
rently, we do not have a criterion to prefer one ordering
over anotherone. But we feel that this problemis not as
significantas in skeletonizingsincethe overall motion of
thedeformablemodelis controlledby its speedterms.The
simplepoint criterion only takesplaceat locationswhere
topologicalchangesareboundto occurotherwise,which is
ordinarilyaverysmallportionof theoveralldeformingcon-
tour. In theexperimentsreportedin thepaper, we followed
exactly the sameorderingas in the standardnarrow band

implementation,wherepointsareorderedby their natural
coordinates.

To acceleratethe convergencerate,mostgeometricde-
formable models are implementedin a multiscale fash-
ion [5]. The level set function is first constructedand
evolvedon a coarsergrid thanthe underlyingimage,then
it is upsampledto a finer resolutionafterit convergesin the
coarserscale. Usually, a first-order, linear interpolationis
appliedto refinethelevelsetfunction.Thisprocedure,how-
ever, mayyield adifferenttopologythanthecoarsevolume.
To beconsistentwith ourapproach,thecorrectupsampling
methodis zero-orderduplication,whichcopiesthevalueof
apointat thecoarsergrid to all its childrenat thefinergrid.
Thispreservesthetopologyfrom coarseto finescales.

After the level setiterationshave converged,we extract
the final contourusing the CCMC (or CCMS) algorithm.
In thesealgorithms,thesurfaceor contourlocationis com-
putedby linearinterpolationof thelevelsetfunction,but the
tiling for theambiguouscasesis selectedbasedon thecho-
sendigital connectivity pair. If the level setfunctionvalue
is exactlyzeroatagrid point, it is explicitly adjustedbefore
interpolationto preventasingularityin theresultingsurface
meshor contour.1 Sincewe considerzero-valuedpointsto
be insidepoints, i.e., asnegative distancepoints,we seta
zerofunctionvalueto somesmallnegativevalue,say X¯® .

4. Experiments

In thissection,wepresentseveralexperimentsthatapply
our new topology preservinggeometricdeformablemod-
els in 2D and3D. Sincethe new modelscanbe obtained
by imposing the topology preservation constrainton ex-
isting geometricdeformablemodels(GDMs), we will re-
fer to the standard modelswithout topologyconstraintas
SGDMsandthe corresponding(i.e., with the samesetof
speedterms)topologypreservingmodelsasTGDMs. Note
that in TGDMs, the CCMC or CCMS algorithmmustbe
usedin orderto correctlyextractthefinal curvesor surfaces
fromthelevelsetfunction,while theSGDMsrequireastan-
dard isocontouror isosurfacealgorithm (preferablyusing
faceandbodysaddlepoints).In thefollowing experiments,
wechoose�1sP�WHs��'(°�1w!��x�� asthepair of 2D digital connec-
tivitiesand �1sP�¨Hs��±(�� Z7xp�2zQ
P� for 3D.

Fig. 2 shows a 2D examplethat illustratesthe topology
preservationability of a TGDM model.Fig. 2(a)shows the
original image( zT²N"[Z7wT­ pixels)consistingof two circular
cells placedside-by-side. The two initial curvesare also
shown on this figure. Figs. 2(b) and 2(c) show the loca-
tion of the implicit curvesof the SGDM at an intermedi-
ateandthefinal stage.Becauseof theweakedgebetween
the two cells, the two initial curvesmergedinto onefinal
curve — an undesirableresult in this example. Figs.2(d)

1This is oneof severalmajorartifactsthatexist in mostexisting isosur-
faceandisocontoursoftwares.



(a) (b) (c)

(d) (e) (f)

Figure2: A 2D imageandboundarydetectionusingbothSGDM
andTGDM (seetext for details).

(a) (b) (c)

(d) (e) (f)

Figure3: Segmentationof a handphantomusingboth SGDM
andTGDM (seetext for details).

and 2(e) show the correspondingdeformationswhen the
topologypreservationconstraintis enforced(andotherwise
the two modelsareidentical in internalandexternalforce
terms). We note that TGDM keepsthe two curvessepa-
ratedthroughoutthe evolution andalsocorrectlyfinds the
boundaryof eachcell. Fig. 2(f) demonstratesthesub-pixel
resolutionof theresult.

Fig. 3 shows another2D example in which the same
modelsas in the previous example were applied to find
the boundaryof a hand-shapedobject. The original im-
age( ³Q³Q´¶µ�·D¸Q´ pixels) andthe initial curve areshown in
Fig. 3(a). Figs.3(b) and3(c) illustratethe deformationof
the SGDM contourat an intermediateandthe final stage.
Again,withoutthetopologypreservationconstraint,theini-
tial curve changestopologyandgivestwo separatecurves
asthe final result(the dark outercurve andthe dashedin-
nercurveof Fig. 3(c)). We notethatthetwo middlefingers
in this handbecomeonewith a hole in it in the final seg-
mentation.Thecorrespondingdeformationsof theTGDM
contourareillustratedin Figs.3(d) and3(e). TGDM keeps
the boundaryof eachfinger separated,and the final con-
tour correctlyreflectstheshapeof thehand,ascanbeseen
clearlyin thezoomedview of Fig. 3(f).

(a) (b) (c)

(d) (e) (f)

Figure4: A 3D phantomandthe segmentationresultsof using
bothSGDMandTGDM andtwo differentinitializations.

(a) (b) (c)

Figure5: (a) Resultof corticalsurfacereconstruction.(b) Self-
intersectionfrom PDM, and(c) no intersectionwith TGDM.

Next, we applied a 3D version of the geometricde-
formablemodelof Eq. (2) to find the boundarysurfaceof
the 3D objectdepictedin Fig. 4(a). Theobject is actually
a pieceof a whitematter(WM) volumesegmentationfrom
a magneticresonancebrain image. Due to datanoise,the
WM piecehasa handlein it, which is thewrongtopology
fromananatomicalstandpoint.In fact,wedesireatopology
equivalentto thatof a sphere.We appliedbothSGDM and
TGDM startingfrom two different initializations: a large
spherethatenclosesthewholeobjectanda smallellipsoid
that intersectswith theobject. A 2D sliceshowing theob-
jectandthetwo initial surfacesis shown in Fig. 4(b).

Figs. 4(c) and 4(d) are the final surfacesobtainedby
SGDM. The two resultsare the samesincegeometricde-
formablemodelsareinsensitive to initialization. Thefinal
surfacesbothhaveahandle,however, whichis theincorrect
topology. With thesphereastheinitialization,TGDM gives
thefinal surfaceshown in Fig. 4(e),andwith theellipsoid,
it givestheresultshown in Fig. 4(f). Bothsurfaceshavethe
correcttopology, but the topologyis preserved in a differ-
entway. Thesurfaceobtainedfrom thesphereinitialization
yieldsa thin membraneacrossthe tunnelthroughtheorig-
inal object,while theellipsoidinitialization makesa cut in
thehandle.



OurfinalexperimentappliesSGDM,TGDM, andapara-
metricdeformablesurfacemodelto extract thecentralcor-
tical surfacefrom an initial fuzzy segmentationof a brain
MRI imagevolume. We usedexactly the sameinitializa-
tion, thesameexternalforcesandsimilar internalforcesfor
thegeometricdeformablemodelsasin theparametricone.
Theresultsarepresentedin Fig. 5.

Fig. 5(a)showsthefinal surfaceextractedfrom thepara-
metricmodel. The SGDM andTGDM surfaceslook very
similar, but on closeexaminationthereare importantdif-
ferences. The parametricmodel result, for example,has
self-intersectionsasshown in Fig. 5(b), while the TGDM
surfacedoesnot, as shown in Fig. 5(c). Also, the genus
(numberof handles)of the SGDM result is 40, while that
of boththeparametricmodelresultandtheTGDM resultis
0. Thus,TGDM producesboth thecorrecttopologyanda
valid manifold;henceit is theonly modelthatgivesa legal
corticalsurfacereconstruction.

5. Discussionand Conclusion

The example shown in Fig. 4 points out a weakness
in our overall approachthat shouldbe addressedin future
work. First, theresultcanclearlydependon the initializa-
tion in a dramaticway. The two results,onethat fills the
tunnelandtheotherthatbreaksthehandle,aredramatically
differentwaysto addressthe topologicalpreservation. At
presentwe have no formulationof an optimality criterion
thatwouldchooseoneof thesesolutionsovertheother. This
is not atypical in deformablemodels,wherethe particular
initialization very oftendeterminestheexactdetailsof the
final solution,but it deservesto beaddressednonetheless.

We note that the topological numbersare computed
locally, which makes the simple point checkingprocess
straightforwardandefficient. As a result,thetopologycon-
straint doesnot add much computationalburdenas com-
paredto the standardgeometricdeformablemodels. For
thephantomexperiments,thetimedifferencebetweenstan-
dardandnew geometricmodelsis barelynoticeable;and
for thebraincorticalsurfacereconstruction,theextra time
takenby thetopologyconstraintenforcementis lessthan7
percentof thetotalprocessingtime.

In summary, we have developeda classof new geomet-
ric deformablemodelswherethe topologyof the implicit
curvesor surfacesis preservedthroughoutthedeformation.
The topologyis preservedby checkinga simplepoint cri-
terion during the level setevolution, which requiresa rel-
atively straightforwardmodificationto standardimplemen-
tationof geometricdeformablemodels.Experimentswere
conductedto show thesuccessof thenew modelsandillus-
tratetheirpotentialapplications.
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