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Abstract. Echo planar imaging (EPI) sequence used for acquiring functional 
MRI (fMRI) time series data provides the advantage of high temporal resolu-
tion, but also is highly sensitive to the magnetic field inhomogeneity resulting 
in geometric distortions. A static field-inhomogeneity map measured before or 
after the fMRI scan to correct for such distortions does not account for magnetic 
field changes due to the head motion during the time series acquisition. In prac-
tice, the field map dynamically changes with head motion during the scan and 
leads to variations in the geometric distortion. We model in this work the field 
inhomogeneity with the object and the scanner dependent terms. The object-
specific term varies with the object’s magnetic susceptibility and orientation, 

i.e., head position with respect to 0ܤ. Thus, the simple transformation of the 
acquired field may not yield an accurate field map. We assume that the scanner-
specific field remains unchanged and independent of the head motion. Our  
approach in this study is to retrospectively estimate the object’s magnetic sus-
ceptibility (߯) map from an observed high-resolution static field map using an 
estimator derived from a probability density function of non-uniform noise. 
This approach is capable of finding the susceptibility map regardless of the 
wrapping effect. A dynamic field map at each head position can be estimated by 
applying a rigid body transformation to the estimated ߯-map and the 3-D sus-
ceptibility voxel convolution (SVC) which is a physics-based discrete convolu-
tion model for computing ߯-induced field inhomogeneity. 

Keywords: Echo planar imaging, geometric distortion correction, field inho-
mogeneity, susceptibility map. 

1 Introduction 

While echo planar imaging (EPI) is widely used in functional MRI for brain activa-
tion analysis, the measured ݇-space samples are sensitive to the magnetic field inho-
mogeneity resulting in geometric distortions of the acquired images [1]. The field map 
dynamically changes with head motion during the scan, and such changing field map 
leads considerable variations not only in geometric distortions but also in voxel inten-
sities from one image to another, which negatively impacts the performance of the 
activation analysis in functional magnetic resonance imaging (fMRI). 
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Magnetic susceptibility (߯)-induced local field variation due to the human anato-
my, mainly the air in the sinus interfaced with tissue and bone, induces the local B0 
field inhomogeneity, which is the cause of geometric distortion and signal loss.  Such ߯–induced local field variation is hard to compensate mechanically by the scanner 
especially with the presence of motion during fMRI time series acquisitions using the 
EPI sequence. In practice, the field map dynamically changes with the presence of 
head motion during the fMRI scan, and such changes lead to variations in geometric 
distortion. Conventionally, a static field map can be obtained from the phase differ-
ence of an image pair acquired at different echo times [2-4].  Approximating a dy-
namic field map by applying rigid body transformations to an observed static field 
map may not be sufficient in the presence of significant head rotations with respect to 
the B0 field since the field inhomogeneity may change nonlinearly [5]. We consider 
that the acquired field map is comprised of the object-specific, ߯-induced, and the 
system-specific, non- ߯ -induced components. The ߯ -induced field inhomogeneity 
term varies with the object’s orientation with respect to B0 while the system-specific 
field term depends mainly on the bulk changes in the applied static field.  For the 
estimation of a ߯-induced field map subject to head rotation at a specific image ac-
quisition time, we first estimate the ߯-map from a measured static field map and 
transform the object-specific ߯-map using the estimated the head motion parameters 
[6-8] and reconstruct a new field map [5, 9] using the susceptibility voxel convolution 
(SVC) technique [10, 11].  We present in this work the estimation of the ߯-induced 
and non-߯-induced field map, termed system-specific herein, components in human 
brain data to be used for the computation of dynamic field maps in EPI time series. 

The ߯-induced field (ܤ߂ఞ) may be the dominant component of the field inhomo-
geneity changes and approximately expressed as a convolution of the object-specific ߯-map with the SVC kernel (݄) (i.e., ܤ߂ఞ ൌ ଴ܤ ڄ ݄ כ ߯ where ܤ଴ is the strength of 
the applied magnetic field) [10, 11]. The previous and commonly used approach for 
the ߯-induced field map estimation is by deconvolution of the measured field map 
-with the SVC kernel [5, 12-27]. Such deconvolution approach in ߯-map estima (ܤ߂)
tion poses following difficulties: 

• The measured field map (ܤ߂) often suffers from wrapping effects due to large 
susceptibility value changes in the phase difference ߠ א ሺെߨ,  ሿ between the twoߨ
complex-valued images acquired at different echo times ( ாܶଵ  and ாܶଶ ), i.e. ߠ ൌ ଵఊ Δܤሺ ாܶଶ െ ாܶଵሻ where ߛ is the gyromagnetic ratio [28]. 

• Other than the ߯-induced field inhomogeneity, there are other sources of error 
from the non-߯–induced, system specific magnetic field component [29]. 

• Noise variance on the acquired phase difference map ߠ or the local signal-to-noise 
ratio (SNR) depends on the local signal intensity (i.e., the magnitude of the com-
plex-valued image voxels) causing spatially-varying variance of the noise [30-32]. 

• The deconvolution process may produce significant ringing/streak artifacts and 
amplify the phase noise due to the zero fills in the SVC kernel [5, 12-27]. 

Some of the previous studies on the ߯-map estimation employ unwrapping techniques 
[30-40], and high-pass filtering [18-21, 24, 25, 27, 41] to remove the wrapping effects 
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and the system-specific inhomogeneous field term, respectively. Then, the weighted 
least square estimator with an appropriate (smoothing) regularization is used to esti-
mate the ߯-map [5, 15-27], where the weights are computed from either the estima-
tion of the local noise variance or local signal magnitudes. Though the potential of the 
SVC deconvolution approach could be demonstrated, the statistical theory behind the 
approach is not well utilized in those previous works. Consequently, the performance 
of the SVC deconvolution approach could not be fully exploited because the unwrap-
ping process may cause additional errors [5, 15-27] or their weighting functions 
would not quite rely on the property of the noise that the phase data ߠ carry [5, 15-
27]. Some of the methods require masking out the surrounding air region and the skull 
part of the human head manually in advance, where noise and wrapping effects are 
severe [16, 19-22, 24-27]. 

In our work, for the deconvolution approach we take advantage of multiple receiv-
er coils, each of which has non-uniform, complex-valued, sensitivity and provides a 
separate phase difference map rather than using the combined data.  Estimating one ߯-map out of multiple datasets is always preferable in terms of SNR.  Besides, com-
bining the given phase data from multiple coil channels can introduce additional aver-
aging or combination errors depending on the method used, i.e., sum of squares or 
Roemer [42]. 

In this study, in lieu of the previous approaches, we explicitly show appropriate 
terms in modeling the field homogeneity and an effective probability density function 
(PDF) of the noise. Using the PDF of the given phase data our estimator penalizes 
less reliable samples by giving smaller weights for computing the ߯-map of the ob-
ject. Note that, though it was convenient, Gaussian noise does not really represent the 
noise distribution in the phase domain [30-32], therefore a weighting function is ne-
cessary to suppress undesired effects caused by the less reliable phase samples [5, 15-
27]. Furthermore, our estimator derived from the PDF is capable of finding a ߯-map 
regardless of phase wrapping effects.  Finally, we take into account the scanner-
specific, non-߯-induced, field in order to estimate a ߯-map accurately [5].  The scan-
ner-specific field component may be identified by scanning a homogeneous head 
phantom and we introduce regularizations which effectively suppress noise and other 
artifacts. 

This paper is structured as follows. In Section 2, we introduce and derive a ߯-map 
estimator based on our data model and the PDF of the noise ridden on the phase dif-
ference map. In Section 3, we show our results from simulation and real MRI scan 
data, and conclude our paper in Section 4. 

2 Susceptibility Map Estimation 

A field inhomogeneity map ܤ߂ is obtained from a pair of complex-valued images ்ܫாଵ  and ்ܫாଶ  acquired at different echo times, ாܶଵ  and ாܶଶ , using a dual-echo or 
multi-echo sequence, by taking the phase difference ߠ as 

ሻሾradሿܚሺߠ  ൌ ܫሼס ҧ் ாଵሺܚሻ ڄ ሻሽܚாଶሺ்ܫ ൌ ߂ሻܚሺܤ߂ߛ ாܶ െ ሻܚሺ݊ߨ2 ൅  ሻ (1)ܚሺߟ
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where ܚ ൌ ሾݔ, ,ݕ ,ݖ -ሿ is the coordinate of the phase difference map, i.e. the 3-D spaݍ
tial coordinate and the coil channel index, q, ߛ  is the gyromagnetic ratio, െ2݊ߨ 
represents the wrapping effect with some integer ݊ሺܚሻ due to the angle operation and ߠሺܚሻ stays in the range of ሺെߨ, ߂ ሿ andߨ ாܶ ൌ ாܶଶ െ ாܶଵ . The field inhomogeneity 
map ܤ߂, model may be comprised of three components: (i) the object’s ߯-induced 
field ܤ߂ఞ, which can be computed by the susceptibility voxel convolution (SVC) as ܤ߂ఞ ൌ ଴ܤ ڄ ݄ כ ߯ where ݄ is the three dimensional SVC kernel, (ii) the higher order 
field perturbation ܤ߂௘  induced by the object’s susceptibility and (iii) the system-
specific, non- ߯ -induced, field ܤ߂ୱ୷ୱ .  We denote the field inhomogeneity map ܤ߂ ൌ ଴ܤ ڄ ݄ כ ߯ ൅ ୣܤ߂ ൅  ୱ୷ୱ and rewrite the data model (1) asܤ߂

ሻܚሺߠ  ൌ ߂ߛ ாܶܤ଴ ڄ ݄ሺܚሻ כ ߯ሺܚሻ ൅ ሻܚሺୣߠ ൅ ሻܚୱ୷ୱሺߠ െ ሻܚሺ݊ ߨ2 ൅ ߳ሺܚሻ, (2) 

where ୣߠሺܚሻ ൌ ߂ߛ ாܶୣܤ߂ሺܚሻ and ߠୱ୷ୱሺܚሻ ൌ ߂ߛ ாܶܤ߂ୱ୷ୱሺܚሻ. We assume that ୣܤ߂  is 
smooth across the space and ܤ߂ୱ୷ୱ is dependent mainly on the system and stays con-
stant for a given magnet system.  Modeling and estimating the ୣܤ߂ and ܤ߂ୱ୷ୱ terms 
are not like any other existing methods that handle those terms by applying a low-pass 
filter [19, 41]. 

Often noise is assumed to be Gaussian and consequently necessitates noise va-
riance estimation for each phase sample prior to the ߯-map estimation. However, the 
multiplication of voxel intensities in the angle operation in the phase map alters the 
property of the noise carried by the image voxels.  In this work, we introduce an 
approximated probability density function of ߳.  Assuming that the noise ridden on 
the two images ்ܫாଵ and ்ܫாଶ is i.i.d. zero-mean complex Gaussian noise with va-
riance of ߪଶ, where ߪଶ ا  ߟ ாଶሻ ,  we can approximately express the PDF of்ܫሺݎܽݒ
in (1) as (q.v. Appendix for the derivation), ݌൫ߟሺܚሻ൯ ן expሼߢሺܚሻ ڄ cos ሻܚሺߢ   ሻሽ  whereܚሺߟ ൎ |ூ೅ಶభሺܚሻ|మ|ூ೅ಶమሺܚሻ|మሺ|ூ೅ಶభሺܚሻ|మା|ூ೅ಶమሺܚሻ|మሻఙమାఙర. (3) 

It is advantageous that the term 2݊ߨ appeared in (1) has no effect in cosሺڄሻ and the 
term ߢ as a weight function, although it is rather related to the reciprocal of the va-
riance of the PDF, eliminates noisy data (i.e. phase samples in the air region and the 
region where the coil sensitivity is low) by penalizing with small weights. 

Having introduced the data model (2) and the noise PDF (3), we have the follow-
ing maximum likelihood estimator for the ߯-map and ୣߠ with regularizations as 

 maxఞ,ఏ౛ൣ∑ ሻܚሺߢ ڄ cos൛ߠሺܚሻ െ ߂ߛ ாܶܤ଴ ڄ ݄ሺܚሻ כ ߯ሺܚሻ െ ሻܚሺୣߠ െ ܚ ሻൟ୤୭୰ ୟ୪୪ܚ෨ୱ୷ୱሺߠ  

 െ ∑ ሼߤଵ|Υ୧ሺܚሻ כ ሻ|ଶܚሺୣߠ ൅ ሻܚଶ|Γ௜ሺߤ כ ߯ሺܚሻ|ሽ௜ୀሼ௫,௬,௭ሽ ൧, (4) 

where ߤଵ and ߤଶ are the regularization parameters for ୣߠ and ߯, respectively, and Γ௜ 
and Υ௜  are the convolution kernel function of the first and second derivatives, respec-
tively, along ݅-axis for ݅ ൌ ሼݔ, ,ݕ  ሽ. We chose the kernel functions assuming that theݖ
secondary field perturbation component ୣߠ  is piecewise smooth and the ߯-map is 
piecewise constant across the space. We estimate ߯ and ୣߠ by the steepest descent 
method iteratively.  We initialize ߯ by first making a binary image of the body tissue 
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and air from ்ܫாଵ . We initialize ୣߠ  with residuals, i.e.  ߠ෠ሺୣ଴ሻ ൌ ߠ െ ߂ߛ ாܶܤ଴ ڄ ݄ ሺ଴ሻ̂߯כ െ -෨ୱ୷ୱ where ߯̂ሺ଴ሻ is the initial ߯-map estimate. As for the system-specific comߠ
ponent ߠୱ୷ୱ, we obtain the phase difference map empirically from a pair image of a 
homogeneous phantom in advance, and smoothen it by the polynomial fitting method 
for the system-specific component ߠ෨ୱ୷ୱ. 

3 Experiments 

Images were acquired from a Philips 3T MRI Ingenia system (Beth, Netherlands). We 
estimated the system-specific field component ߠୱ୷ୱሺൌ γ߂TEܤ߂ୱ୷ୱሻ which includes 
scanner’s shimming with a bulk homogeneous object.  Using a sphere phantom filled 
with a homogeneous agar gel (diameter = 22 cm), we empirically estimated ߠୱ୷ୱ .  
Using a multiecho sequence, ்ܫாଵ and ்ܫாଶ  were acquired with Δ ாܶ ൌ 2.0 ms and 
image resolution 2 ൈ 2 ൈ 2 mmଷ. In Fig 1, the phase image of ்ܫாଵ, one of the image 
pair measured from one of the 13 coils (a) and the computed the phase difference map 
(b) from the pair are shown.  Each coil exhibits distinct coil sensitivity and we esti-
mated all data from 13 channels.  Also the system-specific field component was ex-
plicitly estimated using data from all receiver coils.  Assuming that the field is 
smooth across the space, we estimated ߠ෨ୱ୷ୱ with the global polynomial fitting [43] as 
shown in Fig 1(f).  The plots in Fig 2 show the middle cross sections along ݔ, ,ݕ -ݖ
axes of the acquired phase difference image (circles) and the smoothed phase differ-
ence image (solid lines).  We assume that  the system specific field stays stable for 
the given MRI scanner [5]. 

Human brain data were acquired from the same scanner using the same sequence 
and acquisition parameters as the phantom data. The phase and phase difference im-
ages from the first (out of 13) receiver coil are shown in Fig 3(a) and (b), respectively.  
Fig 3(c) shows the phase difference image after removing the estimated system-
specific field, i.e. סሺܫ ҧ் ாଵ ڄ ாଶሻ்ܫ െ  ,were estimated as shown in Fig 4 (b) and (c)  ୣܤ߂ ෨ୱ୷ୱ (rad).  Using our proposed estimator (4), the ߯-map of the human head andߠ
respectively. We note that the estimated perturbation field ୣܤ߂  includes the error 
caused by the structure of the human head outsides the field of view.  
As a comparison, we generated a susceptibility map, ߯ICBM by registering a discrete 
brain atlas data from the International Consortium of Brain Mapping (ICBM) [44] on 
to the magnitude image of ்ܫாଵ.  The discrete images are segmented into four differ-
ent parts, air, born, fat, and brain tissues (i.e., white/gray matter, CSF, vessel).  Then 
a theoretical ߯-map, ߯ICBM, of a human brain was created by filling in the literature 
susceptibility values to specific segmented structures as shown in Fig 4(a).  The sus-
ceptibility values ߯ୟ୧୰ ൌ 0.4 ൈ 10ି଺ , ߯ୠ୭୬ୣ ൌ െ8.86 ൈ 10ି଺ , ߯୤ୟ୲ ൌ െ7.5 ൈ 10ି଺ , 
and ߯୲୧ୱୱ୳ୣ ൌ െ9.05 ൈ 10ି଺  were used [11, 45]. .  The ߯-induced fields, Bx and 
BICBM, were computed by applying the SVC to both the estimated susceptibility map ߯̂  and ߯ICBM , respectively,as shown in Fig 4(d) and (e): (left) the computed ߯ -
induced field (kHz) using ߯ICBM; (center) the computed field using ߯̂ ; (right) the 
difference image.  Both ߯-maps exhibit typical strong local inhomogeneous field 
structures caused by the frontal sinus, the sphenoid sinus, the nasal passage, and the 
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ear canal. These are the critical part of the field map estimation because of the severe 
geometric distortions in EPI around the air/tissue and air/bone interfaces.  
 

 

 

 
(a) ்ܫסாଵ [rad] of chan-

nel #1 
(b) Phase difference map סሺܫ ҧ் ாଵ ڄ  ாଶሻ [rad]்ܫ

(c) Smoothed phase differ-
ence map to be used as ߠ෨ୱ୷ୱ 

Fig. 1. The estimation of the system-specific field component (ߠୱ୷ୱ) using a homogeneous 
phantom: (a) the phase of one of the image pair, ்ܫாଵ, (b) the phase difference map from the 
image pair which is assumed to be the system-specific component ߠୱ୷ୱ ൌ ܫሺס ҧ் ாଵ ڄ ாଶሻ்ܫ ൌ߂ߛ ாܶܤ߂ୱ୷ୱ of the coil channel #1, and (c) the smoothed phase difference map (ߠ෨ୱ୷ୱ) by the 
global (3-D) polynomial fitting. 

 

Fig. 2. Middle cross sections comparing the phase difference maps from the homogeneous
phantom data (circles) and the smoothed phase difference map by the global polynomial fitting
(solid lines) 
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(a) |்ܫாଵ| of channel #1 (b) ்ܫסாଵ [rad] of channel #1 

 

(c) Phase difference map סሺܫ ҧ் ாଵ ڄ ாଶሻ்ܫ െ  ෨ୱ୷ୱ [rad]ߠ
 

Fig. 3. Human brain data: (a) the magnitude and (b) phase images, ்ܫாଵ, (c) the phase differ-
ence map from the image pair ்ܫாଵ and ்ܫாଶ, after the system-specific component ߠ෨ୱ୷ୱ, esti-
mated using the homogeneous phantom, was subtracted 
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4 Conclusion and Future Works 

The proposed method estimates a susceptibility-induced field map from a measured 
static field map.  It does not require segmentation or pulse sequence modifications, 
and may yield dynamic field maps that address nonlinear changes due to head rota-
tions. We introduced an effective probability density function of the non-uniform 

 

(a) ߯ூ஼஻ெ  (b) Estimated ߯-map by (4) (c) Estimated perturbation 
component  ߠ෠ୣ [rad] 

 

  (d)  (e)   (f) 

 

  (g)  (h)   (i) 
 

Fig. 4. The estimated susceptibility map: (a) ߯-map generated by filling the literature values in 
the registered ICBM image on to ்ܫாଵ, (b) the estimated ߯-map by (4), (c) the estimated per-
turbation error component ߠ෠ୣ  by (4). Comparisons of the computed ߯-induced field maps 
(kHz) at the middle transverse (top) and sagittal (bottom) planes. (d, g) The ߯-map generated 
from ICBM and (e, h) estimated from the static field map, and (f, i) the difference image. 



360 H. Takeda and B. Kim  

 

noise in the phase difference images and investigated a method to empirically meas 
ure non-χ-induced field inhomogeneities and characterized their magnitudes.  The 
experiments presented showed that the proposed estimator provided a reasonable 
estimate of the susceptibility-map by successfully separating the susceptibility-
induced field ܤ߂୶ and the perturbation error field component ୣܤ߂.  The ߯ -induced 
field map estimate from the human brain was close to the theoretical field map com-
puted from using the brain atlas.  Possible sources of error may be the registration 
error between the human data and the ICBM brain atlas.  The effects of non-χ-
induced field inhomogeneities, i.e., ܤ߂ୱ୷ୱ and ୣܤ߂, in image distortion and recon-
struction along with the motion induced ߯-induced field changes need to be assessed 
for the use of the estimated ߯-map in time series data reconstruction.  
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Appendix ܣssuming that both images ்ܫாଵ and ்ܫாଶ carry i.i.d. complex white Gaussian noise ߳ with standard deviation ߪ, they can be expressed as 

ሻܚாଵሺ்ܫ  ൌ ݂ሺܚሻ ൅ ሻܚாଶሺ்ܫ             ሻܚଵሺߝ ൌ ܽሺܚሻ݂ሺܚሻ݁௝ఏሺܚሻ ൅  ሻܚଶሺߝ

where ݂ሺܚሻ is the noise free complex-valued image of ்ܫாଵ , ܽሺܚሻ is the intensity 
scaling (real-valued) function due to the free induction decay from ாܶଵ to ாܶଶ, ߠሺܚሻ 
is the phase difference map between ்ܫாଵ and ்ܫாଶ, and ߝଵሺܚሻ and ߝ ଶሺܚሻ are noise, 
i.e. ߝଵ, ଶߝ ׽ ࣝࣨሺ0,  ாଶ and the complex்ܫ ଶሻ. Then, we can express the product ofߪ
conjugate of ்ܫாଵ as ݃:                   ݃ሺܚሻ ൌ ܫ ҧ் ாଵሺܚሻ ڄ ሻ ൌܚாଶሺ்ܫ ܽ|݂|ଶ݁௝ఏ ൅ |݂|ଶ ቆ݂݂ܽҧ ݁௝ఏߝ ҧଵ ൅ ݂ҧ݂ ଶቇߝ ൅ ଶ ൌߝҧଵߝ ܽሺܚሻ|݂ሺܚሻ|ଶ݁௝ఏ ൅ ߳ሺܚሻ. 
where the variance ߫ଶ of ߳ is voxel intensity dependent: 

 ߫ଶሺܚሻ ൌ varሼ߳ሺܚሻሽ ൌ |݂|ଶሺ1 ൅ ܽଶሻߪଶ ൅  .ସߪ
When |݂|ଶ ا -ଶ, the noise ߳ can be assumed to be Gaussian (Note: strictly speakߪ
ing, it is a mixture of Gaussian and normal product distribution), we approximately 
express the PDF of ߳ as 

ሺ߳ሻ݌  ൌ ,ሺԸሼ߳ሽ݌ Աሼ߳ሽሻ                                                                                                          ൎ ଶ߫ߨ12 exp ൤െ 12߫ଶ ሺԸሼ݃ሽ െ ܽ|݂|ଶ cos ሻଶߠ െ 12߫ଶ ሺԱሼ݃ሽ െ ܽ|݂|ଶ sin ሻଶ൨ ൌߠ ଶ߫ߨ12 exp ൤െ 12߫ଶ ሼ|݃|ଶ ൅ ܽଶ|݂|ସ െ 2ܽ|݂|ଶ|݃| cosሺߠ െ  ሻሽ൨݃ס
ൌ ଶ߫ߨ12 exp ቈെ |݃|ଶ ൅ ܽଶ|݂|ସ2߫ଶ ቉ ڄ exp ቈܽ|݂|ଶ|݃|߫ଶᇣᇧᇧᇤᇧᇧᇥ఑

cos ሺߠ െ ሻᇣᇧᇧᇤᇧᇧᇥఎ݃ס ൩ . 
Therefore, for small ߪଶ, we have the approximated PDF of ߟ as 

ሻ൯ܚሺߟ൫݌  ן exp൛ߢሺܚሻ ڄ cos ሻൟܚሺߟ     with   ߢሺܚሻ ൎ |ூ೅ಶభሺܚሻ|మ|ூ೅ಶమሺܚሻ|మሺ|ூ೅ಶభሺܚሻ|మା|ூ೅ಶమሺܚሻ|మሻఙమାఙర. 


	Retrospective Estimation of the Susceptibility Driven
Field Map for Distortion Correction
in Echo Planar Imaging

	1 Introduction
	2 Susceptibility Map Estimation
	3 Experiments
	4 Conclusion and Future Works
	References




