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Abstract. Diffusion MRI is a noninvasive imaging modality that allows for the
estimation and visualization of white matter connectivity patterns in the human
brain. However, due to the low signal-to-noise ratio (SNR) nature of diffusion
data, deriving useful statistics from the data is adversely affected by different
sources of measurement noise. This is aggravated by the fact that the sampling
distribution of the statistic of interest is often complex and unknown. In situations
as such, the bootstrap, due to its distribution-independent nature, is an appealing
tool for the estimation of the variability of almost any statistic, without relying
on complicated theoretical calculations, but purely on computer simulation. In
this work, we present new bootstrap strategies for variability estimation of dif-
fusion statistics in association with noise. In contrast to the residual bootstrap,
which relies on a predetermined data model, or the repetition bootstrap, which
requires repeated signal measurements, our approach, called the non-local boot-
strap (NLB), is non-parametric and obviates the need for time-consuming multi-
ple acquisitions. The key assumption of NLB is that local image structures recur
in the image. We exploit this self-similarity via a multivariate non-parametric ker-
nel regression framework for bootstrap estimation of uncertainty. Evaluation of
NLB using a set of high-resolution diffusion-weighted images, with lower than
usual SNR due to the small voxel size, indicates that NLB is markedly more ro-
bust to noise and results in more accurate inferences.

1 Introduction

Diffusion magnetic resonance imaging (MRI) [16] reveals spectacular details of brain
tissue micro-structures through observation of water diffusion patterns. It therefore cap-
tures vital information that is of paramount importance for in vivo investigation of white
matter and connectivity alterations that are associated with brain diseases, development,
and aging [24, 27–30]. However, the noisy nature of diffusion MRI data adversely af-
fects the estimation precision of quantities such as local fiber orientations, which will
eventually introduce uncertainty in important applications such as white matter fiber
tractography. The impact of noise can be large, especially in high angular resolution
diffusion imaging (HARDI), where relatively high diffusion weightings (i.e, b-values)
are employed for increasing angular contrast.
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Considerable efforts have been directed to modeling the variability caused by noise
[8, 13]. However, the models used often assume normality and are yet to be verified in
complex situations where various noise sources, such as physiologic variation, scanner
instability, and imaging noise, might be simultaneously involved. The distributions of
these types of noise are non-normal and cannot be adequately modeled using simple
models that rely on the normality assumption. To avoid unrealistic assumptions, an
appealing alternative is to use the bootstrap method.

The bootstrap method is a non-parametric procedure for estimating the statistical
properties of a population from a limited number of measurement samples, without
prior assumptions about the population distribution [6]. It was designed to replace com-
plex and often inaccurate approximations to uncertainty measures with computer simu-
lation based on real data [2]. For instance, the bootstrap has been shown to be capable of
accurately estimating the true uncertainty in fiber orientations [14]. The repetition boot-
strap and the residual bootstrap are two commonly used bootstrap techniques in medical
image analysis. The repetition bootstrap [17,18] depends on repeated measurements of
signal for each diffusion-sensitizing gradient, a requirement which might be difficult to
fulfill with limited acquisition time. On the other hand, the residual bootstrap [2, 15] is
a model-based approach that resamples the residuals of a linear regression model that is
fitted to the data. Since the residual bootstrap does not require repeated measurements,
it can be applied to data that are acquired under clinically realistic scan times. However,
since it relies on a model, the model needs to describe the signal measurements ade-
quately so that the error terms across all diffusion gradients will have a common mean
of zero. Extra care should also be taken so that the model does not overfit the signal,
especially in noisy conditions, causing misleading reduction in variability.

In this work, we introduce novel non-parametric bootstrap strategies that will allow
bootstrap samples to be generated from a single image without requiring repeated sig-
nal measurements as well as predetermined data models. Our approach hinges on the
observation that local imaging information recurs in an image. This self-similarity im-
plies that imaging information coming from spatially distant (non-local) regions can be
exploited for more effective estimation of statistics of interest. In what follows, we will
first show that estimation using non-local information can be seen as a non-parametric
regression problem with a multivariate predictor variable that captures local neighbor-
hood information and a univariate or multivariate response variable that is related to
the statistic of interest. Based on this regression-based formulation, we then show that
the uncertainty of the statistic can be estimated with bootstrap samples generated using
case resampling or residual resampling. We will demonstrate with empirical evidence
that the proposed bootstrap strategies are significantly more robust to noise and yields
inferences that are markedly more accurate.

2 Approach

We will first discuss how the non-local estimation problem can be recast as a non-
parametric kernel regression problem. We will then show how this regression-based
formulation can be used to compute bootstrap estimates of the variability of statistics
of concern.
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2.1 Non-Local Estimation as Non-parametric Kernel Regression

Let Z = [(x1, y1), . . . , (xn, yn)] be a sample of n independent observations of bivari-
ate random variable (X, Y). X is a R

dX -valued predictor random variable and Y is a
R

dY -valued response random variable. The regression function of Y on X is

m(x) = E(Y|X = x). (1)

The problem is to obtain an estimate of m(x), m̂(x), using the n observations, such
that m̂(x) tends to m(x) as n → ∞.

Nadaraya [21] and Watson [26] proposed to estimate m(x) as a locally weighted
average, using a kernel as a weighting function. The Nadaraya-Watson estimator is

m̂H(x) =
∑n

i=1 KH(x − xi)yi∑n
i=1 KH(x − xi)

, (2)

where KH(·) = |H|−1
K(H−1·) is a multivariate kernel function with symmetric

positive-definite bandwidth matrix H [11]. K(u) satisfies

1 K(u) ≥ 0, ∀u; 2
∫

K(u)du = 1; 3
∫

uK(u)du = 0;

4
∫

uuTK(u)du = μ2(K)I, μ2(K) < ∞.

(3)

The first and second requirements ensure that, when used for density estimation, the
kernel results in a density estimate that is indeed a probability density function (i.e.,
non-negative with unit integral). The third requirement ensures that the expected value
of the random variable computed from the estimated distribution is equal to the average
of the observations. The last requirement ensures that the estimation bias is bounded.
The estimation of m(x) can be improved by employing locally weighted least squares
regression, as shown in [23].

The estimator can be derived by noting that estimates of the unknown joint density
function f(x, y) of X and Y and density function f(x) of X can be obtained via kernel
density estimation as

f̂H,H′(x, y) = 1
n

n∑

i=1
KH (x − xi) KH′ (y − yi) , f̂H(x) = 1

n

n∑

i=1
KH (x − xi) .

(4)
These, together with the fact that

E(Y|X) =
∫

yf(y|x)dy =
∫

yf(x, y)
f(x) dy, (5)

lead to (2). From the theory of kernel density estimation, it is known that f̂(x, y) and
f̂(x) converge asymptotically (n → ∞, H → 0, nH → ∞) to the true densities of the
underlying distribution.

Determining the non-local means [1] can be recast as a regression problem with
voxel neighborhoods as the predictor and the corresponding central voxels as the re-
sponse. The mean estimates are non-local as in principle they are computed from voxels
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throughout the image, not limited by physical distance. For instance, if we let x1 . . . , xn

be the intensity values of voxel blocks throughout the image (dX = # voxels in each
block, assuming each voxel is scalar-valued) and y1, . . . , yn be the intensity values of
the corresponding central voxels (dY = 1), then, if x is the neighborhood intensity val-
ues of a voxel located at p, m̂H(x) in (2) becomes the non-local mean at voxel location
p. This important observation, in addition to allowing us to improve non-local estima-
tion using different kernel regression estimators that have been vastly studied [9], also
provides the underpinning of the bootstrap strategies that will be discussed next. Before
proceeding, we would like to highlight the fact that there is nothing in the regression
framework that limits X and Y to random variables representing image intensity val-
ues; they can in fact be any features that are derived from the image. This regression
framework also provides an explanation as to why non-local means denoising produces
good white ‘method noise’ [1].

2.2 Non-Local Bootstrap Strategies

Bootstrap methods depend on the notion of bootstrap samples. Having observed a ran-
dom sample of size n from a distribution with cumulative density function F (or prob-
ability density function f ),

F → (z1, . . . , zn) , (6)

the empirical distribution function F̂ is defined to be the discrete distribution that puts
probability 1/n on each zi. The arrow notation (→) indicates that the sample values
are outcomes of independent and identically distributed random variables, each with
distribution function F , i.e., zi

i.i.d.∼ F . A bootstrap sample is defined as a random sample
of size n, Z∗ = (z∗

1, z∗
2, . . . , z∗

n), that is drawn from F̂ , i.e.,

F̂ → (z∗
1, z∗

2, . . . , z∗
n) . (7)

The star (∗) notation indicates that Z∗ is not the actual dataset Z, but rather a random-
ized version of Z obtained via resampling with replacement. Generation of a significant
amount of bootstrap samples allows us to estimate the sampling distribution of a statis-
tic T , which can be used to make inferences about a population parameter θ. If we
denote the estimate θ̂ = t(Z), for each bootstrap sample we can compute a bootstrap
replication of θ̂,

θ̂∗ = t(Z∗), (8)

a collection of which gives us an estimate of the sampling distribution of θ̂.
Recasting the non-local estimation problem in the form of kernel regression allows

us to devise a number of bootstrap strategies for the estimation of the variability of
statistics computed from the image. Out of the many possibilities, we will introduce
here two non-local bootstrap strategies.

Case-Resampling Non-Local Bootstrap (CR-NLB): The first bootstrap scheme
that we propose is called the case-resampling non-local bootstrap (CR-NLB). Re-
call from the discussion in the previous section that m̂H(x) is the regression function
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for Y with respect to X. If p1, . . . , pn denote the spatial locations of all voxels in
an image, with corresponding neighborhood x1, . . . , xn, then m̂h(x1), . . . , m̂H(xn)
are the non-local means at these locations. Determining the variability of the non-
local means can hence be interpreted as determining the variability of the regres-
sion function. One way to achieve this is by resampling with replacement from
the sample Z = [(x1, y1), . . . , (xn, yn)] to generate bootstrap sample Z∗ =
[(xi1 , yi1 ), . . . , (xin , yin )], where (i1, . . . , in) is a random sample of integers from 1
to n. For each bootstrap sample Z∗, we generate a bootstrap replication of m̂H(x),
denoted as m̂∗

H(x). To estimate the standard error of m̂H(x), the bootstrap algorithm
works by drawing a large number (B) of independent bootstrap samples Z∗

1, . . . , Z∗
B ,

evaluating the corresponding bootstrap replications, and computing the empirical stan-
dard deviation of the replications. Note that bootstrap statistics of quantities other than
the mean can be determined similarly.

CR-NLB is similar to the conventional repetition bootstrap as applied in [18]; but
the ‘repeated measurements’ are now coming from non-local regions with voxel neigh-
borhoods that are similar to the neighborhood of a voxel of interest. Since n is typically
very large (possibly a few hundreds of thousands), the small sample size problem is
now less of an issue. This approach does not rely on any assumptions regarding resid-
uals of the sample with respect to the regression function and is hence less susceptible
to difficulties caused by residual heteroscedasticity. But if the residuals are indeed ho-
moscedastic, a residual resampling approach, discussed next, is a viable alternative.

Residual-Resampling Non-Local Bootstrap (RR-NLB): The second bootstrap
scheme is called the residual-resampling non-local bootstrap (RR-NLB). RR-NLB re-
samples the residuals of the observations Z = [(x1, y1), . . . , (xn, yn)] with respect to
the regression curve m̂H(x), i.e.,

ri = yi − m̂H(xi). (9)

The residuals will not necessarily have zero mean; so to let the resampled residuals re-
flect the behavior of the true observation errors, they should first be recentered as r̃i =
ri−r̄, where r̄ = 1

n

∑n
i ri. The residuals can be further corrected for leverage [5] by di-

viding each recentered residual by
√

1 − gi, where gi = KH(0)/
∑n

j=1 KH(xi − xj).
Each bootstrap sample is generated via

Z∗ = [(x1, m̂H(x1) + r̃i1 ), . . . , (xn, m̂H(xn) + r̃in )] , (10)

where (i1, . . . , in), as before, is a random sample of integers from 1 to n. This bootstrap
strategy allows residuals to be used from throughout the whole image, giving us a great
deal more information at our disposal.

If Y is multivariate, as in the case of diffusion MRI where each voxel can be seen
as containing a vector of signal measurements corresponding to different diffusion-
sensitizing directions, a more confined sampling approach can be employed by limiting
the sampling within each voxel to capture more localized and subtle variation. That is,
assuming homoscedasticity across elements of the residual vector, we can generate a
bootstrap sample via

Z∗ = [(x1, m̂H(x1) + r̃∗
1), . . . , (xn, m̂H(xn) + r̃∗

n)] , (11)
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where in this case, if we use [·](k) to denote the k-th element of a vector and if r̃i =
[r̃(1)

i , . . . , r̃(dY )
i ]T, then r̃∗

i = [r̃(j1)
i , . . . , r̃(jdY

)
i ]T, with (j1, . . . , jdY ) being a random

sample of integers from 1 to dY . The residual is recentered differently from above as
r̃(j)

i = r(j)
i − r̄i, where r̄i = 1

dY

∑dY

j=1 r(j)
i . This approach is similar to the conventional

residual bootstrap [2] but does not require a predetermined model. We will use this
formulation in the experiments so that comparison can be made with respect to the
conventional residual bootstrap [2].

2.3 Kernel and Bandwidth

A variety of kernel functions are possible in general [9]. Consistent with non-local
means [1], we use a Gaussian kernel, i.e.,

K(u) = 1√
2π

exp
(

−1
2uTu

)

, (12)

and hence

KH(u) = |H|−1K(H−1u) = 1√
2π|H| exp

(

−1
2uTH−2u

)

. (13)

The choice of H is dependent on the application. For simplicity, we require equal band-
width h in all dimensions, corresponding to H = hI. If different bandwidths are needed,
we can set H = diag(h1, . . . , hd). We can also set H = Σ− 1

2 , the covariance matrix
of the data. Using such a bandwidth matrix corresponds to a transformation of the data
to obtain an identity covariance matrix.

The choice of h depends upon a trade-off between the bias and variance of the esti-
mate of the regression function: a small h gives small bias and large variance, whereas
a large h results in the opposite. We determine h based on the fact that, in non-local
estimation, we are mainly interested in voxels with neighborhoods that ideally differ
only by noise. That is, if the standard deviation of the noise is σnoise, following [3] we
set h = σnoise

√
dX . The noise level σnoise can be estimated globally as shown in [19] or

spatial-adaptively as shown in [20]; we implemented the former for simplicity.

2.4 Application to Uncertainty Estimation in Diffusion MRI

The non-local bootstrap strategies described above can be applied to uncertainty esti-
mation in diffusion MRI data. To do this, we have to first define the predictor vector
x and the response vector y. Since, as noted in [4], noise will interfere with block
matching in non-local estimation, we average the signal measurements across gradi-
ent directions for increased signal-to-noise ratio (SNR). More specifically, for each
voxel p, we define a predictor vector x based on the corresponding local neighborhood:
[〈S(g, p(1))〉g, . . . , 〈S(g, p(k))〉g, . . .]T, where 〈S(g, p)〉g denotes the averaging of
diffusion-weighted signal S(g, p) over gradient direction g ∈ G. Here, p(k) ∈ N (p),
with N (p) denoting the neighborhood of p. If the noise level for the measured signal is
σnoise, the noise level for the average signal is σnoise/

√|G|, where |G| denotes the total
number of gradient directions. The response vector y is simply defined as the signal
vector at location p.
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A B

C D E

Fig. 1. Synthetic Data. Exemplar results for σnoise = 100. (A) The anisotropy image of the noise-
free DWI phantom. (B) The anisotropy image of a noisy realization of the phantom. Average φ-
images over 10 noisy realizations of the phantom for (C) RR-B, (D) CR-NLB, and (E) RR-NLB.
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Fig. 2. Contrast. The average foreground-background contrast based on the φ-values. The error
bars (some barely visible due to insignificant variability) indicate the standard deviations.
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3 Experimental Results

We evaluated the effectiveness of the proposed bootstrap strategies (CR-NLB and
RR-NLB) using in silico and in vivo diffusion MRI data. The conventional residual-
resampling bootstrap (RR-B) [2], with spherical harmonics as the model [15], was used
as comparison baseline. Unless otherwise stated, the neighborhood block radius was set
to 2, giving a block of size 2(2) + 1 = 5 in each dimension and a predictor vector x
of size dX = 53|G| = 125|G|. B = 1,000 bootstrap samples were generated for all
cases. The bandwidth H was determined based on the data noise level, as described
previously.

3.1 In Silico Data

We used diffusion tensors and their mixtures to generate a phantom of size 56 × 56 for
evaluation [see Fig. 1(a)]. One group of tensors were oriented in the horizontal direction
and another group in the vertical direction. At locations where these two groups cross,
a mixture of two tensors with equal volume fraction was used to model the crossings.
The tensor parameters were λ1 = 8 × 10−4 mm2/s, λ2 = λ3 = 1.5 × 10−4 mm2/s,
and b = 1,000 s/mm2. The baseline signal was S0 = 1,000. The background isotropic
signal was generated using an isotropic tensor with λ = 1.5 × 10−3 mm2/s and S0 =
500. The (42) gradient directions were taken from the in vivo dataset (see next section).
Note that these diffusion parameters were carefully chosen to mimic the in vivo data.

To evaluate the effectiveness of the proposed bootstrap strategies, we evaluated
whether they result in correct inference of the anisotropy of the diffusion signal. To
achieve this, we evaluated whether the high-order spherical harmonic coefficients are
significant in the presence of noise. That is, we were interested whether the statistic

T =
∑

l=2,4,6

∑

m=−l,−l+1,...,l

c2
l,m (14)

was significant. Coefficient cl,m is real-valued and is associated with the spherical har-
monic function of order l and degree m. Only even orders were used because of the
antipodal symmetric assumption associated with the diffusion signal. The more sig-
nificant the coefficients associated with the higher order spherical harmonic functions
(l > 0), i.e., the anisotropic energy, the greater the possibility that the diffusion signal
is anisotropic. The coefficient for l = 0 is associated with isotropic diffusion. To gauge
the significance, we determined the variability of T with respect to noise, i.e., the stan-
dard error of T , using CR-NLB, RR-NLB, and RR-B. An indicator of the significance
of the observed anisotropic energy Tobserved is given by measure

φ = Tobserved

ŝeB
, (15)

where ŝeB is the bootstrap estimate of the standard error using B bootstrap samples. A
large value for φ indicates high significance; a small value indicates otherwise.

For RR-B, the spherical harmonic coefficients estimated by fitting the spherical har-
monic functions to the diffusion signal were used to compute Tobserved as given by (14).
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The standard error of the statistic was then estimated using the bootstrap replicates com-
puted from the bootstrap samples that were generated via resampling of the residuals, as
done in standard practice [2,12]. For CR-NLB and RR-NLB, Tobserved was computed by
spherical harmonics fitted to m̂H(x) and the respective standard errors were estimated
based on the resampling schemes described in Section 2.2. A goal common to these
methods is the attempt to determine the variability of some form of regression function.

For evaluation, various levels (σnoise = 25, 50, 100) of Rician noise was added to the
synthesized diffusion signal. Noise level σnoise = 100 corresponds to that of the in vivo
data. We computed the Rician noise corrupted signal S̃ as

S̃ =
√

(S + n1)2 + (n2)2 (16)

where n1 and n2 are sampled from normal distributions with zero mean and variance
σ2

noise. Each value for S̃ is a sample from a Rician distribution with parameters S and
σnoise.

We computed φ with 10 noisy realizations of the phantom and the average φ-
images for the case of σnoise = 100 are shown in Fig. 1. Note that ideally the φ-value
should be high for the (anisotropic) foreground and low for the (isotropic) background.
RR-B [Fig. 1(C)] is apparently less capable in differentiating between isotropic and
anisotropic voxels in severely noisy conditions. CR-NLB [Fig. 1(D)] and RR-NLB
[Fig. 1(E)] yield much better contrast between the foreground and the background.
Fig. 1(B) shows that, due to noise, the contrast of the (generalized) anisotropy between
the anisotropic and isotropic regions is low. Despite the heavy amount of noise, the
results indicate that the anisotropy of the original data [Fig. 1(A)] can still be inferred
quite accurately using CR-NLB and RR-NLB. For quantitative evaluation, we com-
puted the contrast between the foreground and the background, i.e., the ratio of the
φ-value averages: φ̄foreground/φ̄background. The results for all tested noise levels, shown in
Fig. 2, again validate that CR-NLB and RR-NLB give much improved contrast over
RR-B.

3.2 In Vivo Data

A set of high-resolution (1mm)3 diffusion-weighted images were acquired using a
Siemens 3T TIM Trio MR scanner with the acquisition technique reported in [22].
Diffusion gradients were applied in 42 non-collinear directions with diffusion weight-
ing b = 1,000 s/mm2. The imaging matrix was 192 × 192 with a field of view of
192 × 192 mm2. The slice thickness was 1 mm. The low SNR of this dataset, due to the
small voxel volume, makes it ideal for testing the various bootstrap strategies.

It is a well-accepted fact that the anisotropy of the white matter (WM) is high ow-
ing to diffusion anisotropy resulting from restricted diffusion. On the other hand, the
diffusion signal captured from the gray matter (GM) and the cerebrospinal fluid (CSF)
should be very close to isotropic. We expect to see similar patterns for results given by
the different bootstrap methods.

The same evaluation, as performed on the synthetic data, was performed on this in
vivo data. The results, shown in Fig. 3, indicate that CR-NLB and RR-NLB correctly
yield high φ-values for WM regions and low φ-values for GM and CSF regions. RR-B
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A B

C D

Fig. 3. Real Data. The φ-images as indicator of anisotropy. (A) The anisotropy image of the DWI
data. The results given by (B) RR-B, (C) CR-NLB, and (D) RR-NLB.

shows a much reduced contrast between these regions, indicating low differentiability
between them. As was done for the synthetic data, we computed the contrast between
the anisotropic WM regions and the isotropic GM and CSF regions. We obtained results
similar to those of the synthetic data: 1.68 for RR-B, 2.51 for CR-NLB, and 2.26 for RR-
NLB. These values indicate that CR-NLB and RR-NLB are significantly more likely
than RR-B to result in correct inferences of the anisotropy in the presence of noise.

4 Conclusion

We have presented two novel bootstrap strategies that show that bootstrapping can
be performed within a regression framework that pulls together non-local information
coming from the whole image. To the best of our knowledge, this is the first work that
marries non-local estimation, non-parametric kernel regression, and the bootstrap in a
single unified framework. Recasting non-local means as a regression problem allows us
to further refine non-local means by studying different kernel estimators, by perform-
ing bias analysis [10], and by incorporating other more advanced techniques such as
adaptive kernel regression [25] and local polynomial regression [7]. Our results indi-
cate that both case-resampling and residual-resampling non-local bootstrap approaches
yield results that are markedly better than the commonly used residual bootstrap. Future
directions entail applying these bootstrap strategies to evaluating the variability of local
fiber orientations, fiber trajectories, and connectivity between brain regions.
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