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ABSTRACT

In this paper we present a novel approach to extracting fibre
orientation information from the diffusion signal. We start
the process by expanding the diffusion signal using spherical
harmonics (SH) basis. In theory, this could lead to a mapping
between SH coefficients and fibre orientations. In practice,
finding such a mapping is non-trivial. Instead, we simulate the
diffusion signal for a limited set of fibres (n different fibres
with up to m fibre crossings) and store their corresponding SH
coefficients in a database. We show that with such a database
it is possible to find the precomputed fibre configuration
closest to any SH expansion.

Index Terms— diffusion weighted imaging, spherical
harmonics expansion, fibre orientation reconstruction

1. INTRODUCTION

Magnetic Resonance Imaging (MRI) can produce excellent
contrast of soft tissues and is thus an indispensable tool for
visualising in vivo structural features of the human body for
disease diagnosis and monitoring. Diffusion imaging is a
special MRI modality which allows the use of information
from the diffusion of water molecules in the brain to estimate
fibre orientations, and reconstruct white matter tracts in the
brain (tractography).

Diffusion weighted imaging can calculate a single scalar
diffusivity, which depends on the direction of the applied
magnetic field gradient, the diffusion sensitising gradient.
The measured signal can be represented with an exponential
model:

Si _ SoefbADC'i7 (1)

where Sj is the amplitude of the measured signal with no
diffusion sensitising gradients applied, S; with the diffusion
sensitising gradient applied at direction ¢, b a diffusion-
weighting factor and ADC; the apparent diffusion coefficient
in the direction ¢. Diffusion tensor imaging (DTI) extends
this 1D data and reconstructs the three-dimensional diffusion
profile [1, 2] using a 2nd order tensor:

S; = So exp(—bg; Dg;), ()
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with D being a diffusion tensor and g; the direction of
the diffusion sensitising gradient. Since D is a positive
definite matrix (diffusion cannot be negative) and symmetric
(water molecules are uncharged particles [2]), it has 6 unique
elements. Therefore, in order to determine D at least six DW
images are necessary. In practice, more than 6 images are
taken in order to reduce the effect of low signal-to-noise ratio
(SNR) of a single image [3]. The acquired samples should
be evenly distributed to reduce the noise bias and to keep the
statistical properties of the computed parameters rotationally
invariant [4, 5, 3].

Although widely used, the single diffusion tensor model
is inaccurate for more complex fibre configrations, such as
multiple fibre crossing, kissing, and bending [6, 7, 8]. The
diffusion signal within voxels containing multiple fibres can
be explained as a sum of single tensors responses [9, 7]:

Si = So Z vy, exp(—bg; Digi)- 3)

k=1

Dy is a diffusion tensor of the kth fibre and v a volume
fraction (}_,_,vx = 1), which tells how strongly the
fibre affects the total diffusion within the voxel. An n-
fibre crossing will have 6n unique parameters, and to
be correctly resolved requires at least that many different
diffusion weighted images.

The protocol for obtaining the diffusion signal from many
different directions is called high angular resolution diffusion
imaging (HARDI) [10]. The measured diffusion signal is
usually approximated with a truncated series of spherical
harmonic (SH) basis functions. SHs can be seen as the
extension of Fourier basis functions to the sphere, and are
given by:

2A4+1(1-m)! ., /
in MB (cos 0) exp(ime), (4)

Y"(0,¢) =

with P/ being the associated Legendre function of band
(order) | and degree m. For practical reasons, a single
integer j(I,m) = [?> + [ + m is often used to enumerate the
spherical harmonic series (SHS). Due to antipodal symmetry
of diffusion, the odd order basis functions do not appear in
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#1 #2  #3 #4  #5  #6  #7  #8 #9 #10 #11
V 72 92 132 162 192 212 252 272 282 312 362
D 248 214 184 16.1 152 147 13 12.6 124 119 109
A 923 84 6.88 631 571 551 504 49 4.65 444 4.17
R 2.69 2.62 2.68 2.65 2.7 271 2.64 2.64 2.69 2.7 2.66

Table 1. Different spherical packings (databases) and their
corresponding: (V) number of vectors, (D) the distance
between any two neighbouring vectors, (A) average distance
between random fibre and resolved fibre and (R) minimal to
average distance ratio.

Equation 4. The diffusion signal (Equation 3) can now be
explained using spherical harmonics:

S(Qv¢) = Zajyrj(oﬂb)a (5)
J

where o are SHS coefficients.

Unfortunately, with a generic representation of the
signal it is no longer possible to directly infer the fibre
configuration, so the diffusion signal is processed further.
There are a number of methods that can be used to reconstruct
the fibre orientations, including: two and multi-tensor
models [11, 12, 13], higher order tensors [14], spherical
deconvolution [15, 16], g-ball imaging [17, 18], diffusion
orientation transform [19] and persistent angular structure
MRI [20].

In this paper we present a novel method for direct fibre
extraction based on HARDI data and a precomputed, discrete
ground truth.

2. METHODS

Spherical harmonics are complete, global function that can
be used to represent any spherical signal. When representing
the diffusion signal though, the SH coefficients o are drawn
from a subspace of R™. To learn the subspace of o, we have
permuted the D over all possible leading directions 7~ and
looked at how « changes in accordance to 7. This results
in a mapping between 7" and a based on Equations 3 and 5:

=D a;Yi(0,9).

J

> vk exp(—b7" Dyg) (6)

k

The diffusion signal is normalised by Sy and the truncation
of SH series on the right side is disregarded. Vector ¢ is
represented in Cartesian coordinates on the left and in polar
coordinates (as ¢ and ¢) on the right.

We observe that for any 7" and its signal expansion
the 7, C (71,72,73) will have its signal expansion o, C
(a1, g, ax3). Operator C means that 7, is bound by vectors
71,75, 73 (see Figure 1). The observation holds true for two
and more fibre crossings. We have also found that for a given
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Fig. 1. Spherical sampling - vertices represent fibre directions
for which the signal expansion is known. Unknown red fibre
will be resolved as one of the neighbours.

diffusion encoding constant and large enough SH series the
mapping is unique and thus can be inverted. The inverse
mapping can be used to find the closest known solution for
7, by using its SH expansion .

For the method to work a database of known solutions
must first be generated. To create it we select an n number
of equally spaced points on a sphere. Since the diffusion
is symmetrical only points belonging to the same semi-
sphere are needed. Each point on a semi-sphere becomes a
phantom fibre direction and for a given b-value, we compute
the diffusion signal for all fibre combinations, up to the
desired number of fibre crossings K with a preselected
combination of volume fractions. We expand the diffusion
signal using SHS and store its coefficients along with the fibre
configuration.

The size of the final lookup table that can be used
to extract the fibre configuration using any arbitrary SH
expansion is:

K k .
[[i—(n—1d)
> fe— ™

where f, is the number of different volume fractions included
for a given number of fibre crossings k. When volume
fractions are equal, fr = 1.

In order to find the fibre configuration using the database,
we first expand the diffusion signal with the SHS. There
are many potential methods to use the SH coefficients to
search the database for the optimal fibre configuration. In this
paper, we decided to select the row that minimizes the sum of
squared differences between the precomputed and estimated
SHS expansion:

SSD = Z(Cj - éj)z (8)
j=1



3. RESULTS

Simulation results using 60 gradient encoding directions are
presented in Figures 2, 3 and 4. Figures 2 and 3 show results
for one and two fibre configurations respectively and Figure 4
the detection rate of one fibre and two fibre crossing. Unless
stated otherwise, the biggest database (#11) was used, b-value
was set to 1500, Sy to 1, and the signal was expanded using
the 6th order SHS. Average errors were computed from 10000
iterations. A corrupted signal was created by adding normally
distributed random noise, with ;x = 0 and 02 = 1 /SNR, to
the phantom signal.

The SH expansion of signal from a fibre 7, C (71, 7%)
not present in the database is similar to the expansion of the
signal coming from a two fibre crossings (71, 72 ) with a small
separation angle. Without prior knowledge on the number of
fibres the reconstructed multiple fibre crossings with a small
separation angle have to be regarded as a single fibre. A
good separation angle under which multiple fibre crossings
are considered as a single fibre was found as a triple minimal
distance between two neighbouring vectors (rounded down to
30 degrees for database #11, Figure 4b).

1000 2000 3000 4000

(b) b-value

(a) sampling resolution

Fig. 2. Average angular error for 1 fibre depending on: (a) the
sampling resolution (see Table 1) and (b) diffusion weighting
factor. Lines represent (from bottom) SNR: Inf, 50, 25, 20,
15 and 10.

(a) fibre

(b) separation angle

Fig. 3. Average angular error for two fibre crossing, with
separation angle ranging from 10 to 90 degrees. Difference
between real and resolved (a) fibre and (b) crossing angle.
Lines represent (from bottom) SNR: Inf, 50, 25, 20, 15 and
10.
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(a) one fibre (b) two fibre crossing

Fig. 4. Detection rate of: (a) one fibre as a function of b-value
and (b) two fibre crossing as a function of a separation angle.
Lines represent (from top) SNR: Inf, 50, 25, 20, 15 and 10.

4. DISCUSSION

We have presented a novel, scalable method for reconstructing
the fibre configurations from HARDI datasets, where the
database size, number of resolvable fibre crossings, and
included volume fractions can be adjusted. Our method
is sensitive enough to resolve the fibre crossings with the
separation angle equal to the minimal distance between two
neighbouring vectors (Figure 3). The results obtained are
comparable to other methods currently used for estimating
fibre orientations [12, 19, 13, 21, 22] and could possibly
surpass them with a larger database.

As our method uses a discrete representation of the
continuous function, the fibre reconstruction accuracy will
be dependant on its size (sphere sampling resolution). The
shorter the distance between two neighbouring vectors
(higher sampling resolution) the more accurate this method
becomes (Figure 2a). The average angular error is related
to the minimal distance between two neighbouring vectors
and the ratio between those two is approximately constant
(Table 1). The database with a minimal distance of 2.6
degrees should therefore resolve the fibres with the average
angular error of around 1 degree.

Database resolution can be increased by considering more
than the one, best solution. Resolved fibres from multiple
“good solutions” can be interpolated, resulting in fibre
directions that are not present in the database. Additional
accuracy can be gained by improving the SNR. Since only
part of the SH basis functions contribute to explaining the
diffusion signal [23], discarding the statistically insignificant
ones should lower the average angular error.

At the moment, when generating the database, we have
included all permutations of two fibre crossings. Such a
database is therefore highly redundant, as it contains many
fibre crossings with the same separation angle. Making it
rotation invariant (by rotating the fibres onto a predefined
plane and then rotating the solution back) will reduce
database size significantly. Finally, a minor reduction can
be achieved by utilizing the over-sensitiveness discussed in
the Section 3 and removing cases with a low separation angle.
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