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ABSTRACT

Functional near infrared spectroscopy (fNIRS) is a non-

invasive imaging modality to measure functional brain activ-

ities. Many researches have investigated diffuse optical to-

mography (DOT) to overcome the limitation of lack of depth

information in fNIRS topographic approach. In this paper,

we proposes a novel compressed sensing approach, especially

using a 2-thresholding algorithm, that directly reconstructs

statistical parameter maps by exploiting spatio-temporal spar-

sity of neural activation. The final reconstruction algorithm

has very intuitive form which is similar to conventional fDOT

with SPM analysis. However, the main advantage of the

new algorithm is that the unknown weighting components

in inversion kernel are iteratively updated for more accurate

reconstruction which significantly improves the reconstruc-

tion performance. Experimental results demonstrated that the

localization error using the proposed method is competitive

with that of fMRI.

Index Terms— Diffuse optical tomography, compressed

sensing, 2-thresholding, general linear model, spatio-temporal

constraint, statistical parametric mapping

1. INTRODUCTION
Since optical absorption is related to the changes of cerebral

blood volume (CBV) and cerebral blood oxygenation, NIRS

can image brain metabolism via monitoring total hemoglobin

(HbT), oxy-hemoglobin (HbO) or deoxy-hemoglobin (HbR)

in contrast to a functional MRI that can only measure HbR

sensitive blood oxygen level dependent (BOLD) signals [1].

Currently, many functional NIRS studies have been con-

ducted using topographic mapping based on the modified

Beer-Lambert law (MBLL), and statistical analysis based on

GLM for NIRS data has become popular. However, one of

the main limitations of topographic map is its lack of depth

information. For instance, monitoring occipital areas along

a visual stimulus is often restricted in discriminating contra-

lateral activation. On the other hand, retinotopic mapping

with depth information, which is unattainable in topographic
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mapping, is feasible via tomographic approach using dif-

fuse optical tomography (DOT) [2]. An inverse problem

of DOT is, however, severely ill-posed due to the diffusive

nature of light propagation. Therefore, a DOT suffers from

low spatial resolution and depth sensitivity. To overcome

these difficulties, various methods have been developed such

as a spatio-temporal constraint using GLM [3], compressed

sensing approach, and etc.

However, it is not clear how such advanced regulariza-

tion scheme is related to the classical hypothesis driven ap-

proaches such as statistical parameter mapping (SPM) [4]. In

this paper, we provide a novel compressed sensing approach

for functional DOT problem that links advanced regular-

ization schemes to SPM. More specifically, as the neural

activation during task period is usually sparsely distributed

and the temporal activation pattern is highly correlated with

a predesigned paradigm, spatio-temporal sparsity of neural

activation can be explicitly represented as a sparsity in statis-

tical parameter map. To directly obtain t-map by exploiting

its spatio-temporal sparsity, we employ a 2-thresholding al-

gorithm that has been proven quite effective despite of its

simplicity [5]. Interestingly, the resulting algorithm assumes

a similar two step procedure to the conventional fDOT al-

gorithms combined with SPM that first solves the minimum

norm solution in spatial domain after which statistical param-

eter maps are obtained using GLM and p-value calculation.

However, the main advantage of the proposed method is an

iterative update of weighting component during the min-

imum norm solution, which is required to address given

compressed sensing problem. We show that the reconstruc-

tion performance can be significantly improved by estimating

the weighting component recursively, resulting in an iterative

thresholding algorithm. Experimental results clearly show

that the proposed iterative algorithm outperform the conven-

tional algorithm and the accuracy of activation localization is

quite competitive to fMRI.

2. BACKGROUND

2.1. Compressed Sensing using 2-thresholding
Compressive sensing (CS) theory [6] addresses accurate re-

covery of unknown sparse signals from underdetermined lin-

ear measurements. More specifically, let m and n be positive
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integers such that m < n. Then, a noisy version of compres-

sive sensing problem is given by

(P0) : minimize ‖x‖0 (1)

subject to ‖y −Ax‖ < ε

where y ∈ R
m, A ∈ R

m×n, x ∈ R
n, and ‖x‖0 = k de-

notes the k non-zero elements in the vector x, and ε denotes

the noise level. Among the algorithms to solve Eq. (1), we

are interested in 2-thresholding method due to its computa-

tional simplicity and near optimality in low SNR cases [5].

In 2-thresholding, we select a set S with |S| = k by taking

correlation such that

‖a∗l y‖2 ≥ ‖a∗jy‖2, for all l ∈ S, j /∈ S.
How to select the unknown k in deterministic way is very dif-

ficult, however, it is switched to statistical inference in the

proposed method as will be described later. In general, the

performance of p-thresholding algorithm depends on the RIP

of the dictionary, so high correlation between atoms signif-

icantly reduces the recovery performance. To overcome this

difficulty, Schnass et al proposed a dictionary preconditioning

[7] which applies a preconditioning weighting matrix P ∈
R

m×m to produce a new sensing matrix PA having a bet-

ter RIP condition. If we use an optimal preconditioner P =(
AAT

)−1/2
in the sense of minimizing Frobenius norm [7],

then the correlation of the signal after the optimal precondi-

tioning becomes

(PA)
T
Py = AT (AAT )−1y = A†y, (2)

which corresponds to the minimum norm solution. There-

fore, the optimized version of thresholding estimator for com-

pressed sensing reconstruction can be implemented with min-

imum norm solution followed by thresholding to detect the

support above a threshold value.

2.2. Forward Modeling
An optical flux variation at a detector position rd from a

source location at rs can be approximated using the follow-

ing Rytov approximation:

Δφ(rd, rs;λ, t) ≈
∫

U0(rd, r;λ)U0(r, rs;λ)

U0(rd, rs;λ)
Δμa(r;λ, t)dr,

(3)where Δμa(r;λ, t) is absorption variation at r, λ denotes the

illumination wavelength, and U0(r, r
′;λ) is the optical flux

at r generated from a source located at r′. Here, we used two

illumination wavelength, λ1 = 781mm and λ2 = 856mm.

Assuming that dynamically varying absorption contrast is

mainly due to the oxygenation level changes in hemoglobin,

we have

Δμa(r;λ, t) = aλHbOΔcHbO(r; t) + aλHbRΔcHbR(r; t), (4)

where aλHbO[μM
−1mm−1] and aλHbR[μM

−1mm−1] are the

extinction coefficients of HbO and HbR at wavelength of

λ, and ΔcHbO(r; t) and ΔcHbR(r; t) are the concentration

changes of HbO and HbR in a voxel r at time t, respectively.

By collecting optical density variations for all time and pairs

of detectors and sources, Eq. (3) can be represented in a

matrix form as follows:

[
Φλ1

Φλ2

]
=

[
aλ1

HbOG
λ1 aλ1

HbRG
λ1

aλ2

HbOG
λ2 aλ2

HbRG
λ2

] [
HT

RT

]
+

[
Nλ1

Nλ2

]
, (5)

where Φλ
ij = Δφ(rdi , rsi ;λ, tj), G

λ
ij =

U0(rdi ,rj ;λ)U0(rj ,rsi ;λ)

U0(rdi ,rsi ;λ)
,

Hij = ΔcHbO(rj ; ti), Rij = ΔcHbR(rj ; ti), and Nλ is a

noise matrix at wavelength λ.

3. THEORY

3.1. Compressed Sensing Reconstruction of t-Map
Concentration changes of HbO and HbR in Eq. (5) can be

represented in GLM as follows:

H = DHbO ·A+WH ∈ R
J×N , (6)

R = DHbR ·B +WR ∈ R
J×N , (7)

where DHbO and DHbR denote the design matrices for

HbO and HbR, respectively; A = [α1, · · · ,αN ] and B =
[β1, · · · ,βN ] denote the response matrices for HbO and

HbR, respectively, where the n-th column indicates the cor-

responding GLM parameter vector at the n-th voxel, and

J is the number of time points. Now, we are interested in

finding a transform from GLM parameter to t-maps for the

direct reconstruction of the statistical parameter maps. Un-

der the assumption that D = DHbO = DHbR ∈ R
J×M ,

we can calculate the minimum norm solution for the prob-

lem Eq. (5) using the GLM constraint and the property of

(BT ⊗A)vec(X) = vec(AXB) and (A⊗B)† = A†⊗B†:[
T T

τT

]
= V

[
Φλ1

Φλ2

]
D†TCT , (8)

where the first rows of T ∈ R
M×N and τ ∈ R

M×N are the

t-statistics for the HbO and HbR of our interest, respectively;

the inversion kernel V is

V =

[
aλ1

HbOG
λ1ΣHbO aλ1

HbRG
λ1ΣHbR

aλ2

HbOG
λ2ΣHbO aλ2

HbRG
λ2ΣHbR

]†
=

[
VT

HbO

VT
HbR

]
,

and ΣHbX ∈ R
N×N are diagonal matrix whose (i, i)-th ele-

ments is σHbX,i, and C consists of a contrast vector to select

a weighted combination of columns in the design matrix D
and augmented any submatrix to make C invertible.

The second step of 2-thresholding base on compressed

sensing reconstruction of t-map is thresholding, which is

equivalent to the inference step in SPM using thresholding

for a given p-value. In [8], we employed the expected Euler

Characteristics (EC) approach in terms of Lipschitz-Killing

curvatures for inhomogeneous t-statistics and demonstrated

its equivalence to the tube formula. Hence, we use this for

3D case as well.

3.2. Iterative Improvement
There are two important issues in actual implementation of

the proposed compressed sensing algorithm. First, we should

be aware that the variance matrices ΣHbO and ΣHbR are de-

pendent on the solution of the inverse solution H and R as

follows [4]:
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σ̂2
HbO,n =

hT
nP

⊥
Dhn

trace(P⊥
DΛ)

, n = 1, · · · , N, (9)

where P⊥
D = I−DD† and hn is the n-th column of H, Λ de-

notes the temporal correlation matrix calculated by ‘precolor-

ing’ approach, and σ̂2
HbR,n is calculated similarly. Since these

are the unknown values we need to reconstruct, the problem

is highly nonlinear. In order to overcome the technical diffi-

culty, we propose an iterative update. More specifically, we

first solve the minimum norm solution assuming that the vari-

ance matrix is identity, i,e, ΣHbO = ΣHbR = IN . Then,

using the reconstructed inverse solution H and R, we up-

date the variance matrix and solve the minimum norm solu-

tion again with the updated variance matrices. This procedure

can be repeated until convergence. Note that the first step

of this iterative refinement is equivalent to the conventional

fDOT followed by SPM analysis. We will show that this iter-

ative refinement is very important and significantly improve

the reconstruction performance of t-map.

Another important observation is that

σ̂2
HbX,n,new = vT

HbX,nΣvHbX,n σ̂2
HbX,n,old, (10)

where

Σ =
1

trace
(
P⊥

DΛ
) [ Φλ1

Φλ2

]
P⊥

D

[
Φλ1

T

Φλ2
T

]
(11)

where vHbX,n denotes the n-th column of VHbO (or VHbR),

respectively. Since Σ is common regardless of iteration, we

calculate this matrix once and just change the inverse Kernel

V at each iteration to update the variance component. There-

fore, the compressed sensing reconstruction of t-map in DOT

problem can be implemented using the following approach;

1. Initialization : ΣHbO,old = ΣHbR,old = IN
2. Update V with ΣHbX,old and calculate ΣHbX,new us-

ing Eq. (10).
3. If ΣHbX,new is converged then go to next step, other-

wise set ΣHbX,old ← ΣHbX,new and go to previous

step.
4. Calculate intermediate GLM parameter matrices for

raw data measured at wavelengths λ1 and λ2 using the

ordinary least squares:[
Bλ1

T

Bλ2
T

]
=

[
Φλ1

Φλ2

] (
D†)T

5. Find the GLM parameter for HbO and HbR from the

GLM parameters for raw data as the minimum norm

solution:[
AT

BT

]
=

[
ΣHbO,old 0

0 ΣHbR,old

]
V

[
Bλ1

T

Bλ2
T

]

6. Apply the contrast matrix to obtain the t-map

T = CAΣ−1
HbO,new , τ = CBΣ−1

HbR,new

7. Apply thresholding of the calculated t-maps.

4. RESULTS

4.1. Simulation Results

We performed a simulation study for localization of the ac-

tivation area to confirm the performance improvement with

the iteration. The source and detector geometry is illus-

trated in Fig. 1(a), and is identical with the real NIRS system

(Oxymon MK III, Artinis, Netherlands). We assume that the

activation area has a sphere shape with radius of 2mm and is

placed in the cortical layer as indicated in Fig. 1(a) with a big

arrow. Temporal concentration changes for oxy- and deoxy-

hemoglobin in the activation area is illustrated in Fig. 1(b).

Fig. 1(c) shows the centers of various synthetic activation

(19.8 ∼ 45.3mm) during our experiments. We used 17
channels and added Gaussian noise with SNR of 10dB at the

measurements followed by hemodynamic response function

(HRF) smoothing.

Fig. 1. (a) Simulation setup to validate the proposed method,

(b) temporal change of HbO(red) and HbR(blue), and (c) tra-

jectory of the center of the activation area.

Figs. 2(a)(b) illustrate the minimum displacement error

between the ground truth activation and the position of the

peak value of the estimated t-statistic map of HbO and HbR,

with respect to various number of iterations. The results are

averaged after 500 runs. As shown in Fig. 2(a), the accuracy

improves as the number of iteration increases. Furthermore,

the improvement with iteration is bigger as the activation area

is nearer to the surface. At the area of deeper than 37mm, the

displacement error is nearly same regardless of the number of

iteration. The tendency of the result of HbR is similar with

HbO as shown in Fig. 2(b).

(a) (b)

Fig. 2. Minimum distance [mm] between the ground truth

activation and the position of the peak value of the t-map.
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4.2. In vivo Experimental Results
To demonstrate the performance of the proposed method in in
vivo experiments, we used data from right finger tapping ex-

periment for three subjects. The activation map of fDOT us-

ing the proposed method is compared to the golden standard

fMRI activation map. The t-maps from fDOT and fMRI are

thresholded with a corrected p-value of 0.05 and then their

intersection with the region of interest are considered. The

source and detector geometry is identical to Fig. 1(a) and we

also used 17 channels from the NIRS system.

We visualized the activation map of subject 3(HbR) for

number of iteration 1(Figs. 3(a)(b)) and 2(Figs. 3(c)(d)).

Figs. 3(a)(c) are 3D rendering of the activation map (yel-

low:fMRI, cyan:fDOT, red:common area for fMRI and

fDOT). Figs. 3(b)(d) are 3 views with coronal, midsagittal,

and horizontal section (the cross hair indicates the position

of the peak value of t-statistic map). Note that the wide-

spreading activation area of fDOT with iteration 1 is greatly

reduced for iteration 2 as shown in Fig. 3(a) and Fig. 3(c)

especially in the region indicated with big arrow.

Next, we calculated center of mass (COM) for the activa-

tion area and summarized the distance of COM to each other

(fDOT versus fMRI) or to primary motor cortex (PMC) and

somatosensory cortex (SSC) for each imaging modality in Ta-

ble 1. In the majority of cases, we can see the advantage of

using more iterations for fDOT method. Note that the distance

of COM between fMRI and fDOT(HbR) has the accuracy up

to 11.63± 1.92mm by using 3 iterations.

Table 1. Distance [mm] of COM to each other (fDOT versus

fMRI) or to PMC and SSC.

iter fDOT (HbO) fDOT (HbR) fMRI

COM PMC SSC COM PMC SSC PMC SSC

1 34.45 10.98 18.48 10.46 7.29 3.06

subj 1 2 26.43 12.13 14.76 8.52 6.35 3.12 7.56 3.59

3 22.89 14.05 15.08 10.48 8.01 6.04

1 25.51 16.44 21.53 25.96 13.15 15.82

subj 2 2 28.86 18.39 23.06 23.75 14.05 14.94 1.87 1.15

3 31.46 17.63 21.67 13.03 5.21 4.46

1 35.21 4.34 13.05 20.86 12.53 14.81

subj 3 2 34.46 4.28 11.76 13.16 4.97 7.91 2.33 5.13

3 36.19 2.45 11.58 13.47 5.73 8.54

1 19.24 11.62 13 11.89 7.25 9.99

Group 2 11.16 8.28 10.15 8.69 6.64 7.82 7.61 4.96

3 9.16 7.12 8.55 9.55 7.18 8.61

5. CONCLUSION

In this paper we proposed a compressed sensing reconstruc-

tion using 2-thresholding algorithm for functional diffuse

optical tomography. Interestingly, the first step of the pro-

posed iterative method is identical to the conventional min-

imum norm solution approach. The main advantage of our

algorithm is that the weighting component in the inversion

kernel can be updated to improve the accuracy of the recon-

struction. Finally, we showed that the thresholding step of

2-thresholding algorithm is equivalent to the inference step

in SPM framework. Simulation and experimental results

demonstrated that the proposed method improves the recon-

struction accuracy by iteration and is competitive with that of

fMRI.

Fig. 3. Activation map (p < 0.05, corrected) for fMRI and

fDOT(HbR) with different number of iteration.
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