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ABSTRACT
We investigate saddle points in 3D cardiac images. We do

so by improving a critical point detection algorithm, the 3D

winding number, or Poincaré index. We consider two differ-

ent applications. We estimate cardiac motion from 3D tagged

MRI data, based on tracking of saddle points. We also employ

our method for saddle point extraction in blood flow data, ac-

quired by phase contrast MRI.

Index Terms— tagged MRI, phase contrast MRI, saddle

points, winding number, Poincaré index.

1. INTRODUCTION

Critical points are powerful features for many applications

in computer vision, such as segmentation, image matching,

interpolation and motion estimation [1, 2, 3, 4]. Critical point

detection methods have been extensively employed for two-

dimensional applications [5, 6, 7]. However, the advent of 3D

acquisition technology in medical imaging calls for efficient

and effective 3D critical point techniques. In this paper we

address the detection of a particular type of critical points,

namely 3D saddle points, and show two different applications

in cardiac imaging. These concern cardiac motion estima-

tion and characterization of blood flow dynamics. Cardiac

disease may strongly influence the dynamic behaviour of the

cardiac muscle. Blood flow dynamics is affected in the case

of pathologic cardiovascular morphology, such as stenoses or

aneurysms.

Estimation of cardiac motion is a key element for disease

diagnosis and prognosis. However, there are few motion esti-

mation algorithms available for 3D cardiac images [8, 9, 10].

Recently a promising algorithm was presented, based on the

velocity over time of detected maxima in tagged MRI im-

ages [4]. Here, we investigate cardiac motion by tracking

3D saddle points instead, with the goal of achieving a more

dense velocity field. This would reduce spurious effects of

interpolation and thus account for a more realistic motion

field. Subsequently we consider blood flow data acquired by

phase contrast MRI (PC-MRI), and investigate the presence

of saddle points. Blood flow plays an important role in the

progression of cardiovascular diseases. It is therefore desir-

able to understand its complex dynamical behavior. One way

to investigate velocity fields, such as blood flow data, is to

investigate their topological structure. Critical points are of

particular interest (see, e.g., [11]). The only genuine critical

points present in the blood flow field are saddle points, given

that blood flow is a closed system. In particular, saddle points

are expected where flow regions with different behaviour

meet [12]. However, extracting critical points of measured

flow data is impaired by noise and partial volume effects.

The paper is organized as follows. We first introduce

briefly the method used to extract critical points, namely, the

3D winding number algorithm [13]. This method provides

information on both location and character of critical points,

and it is robust with respect to noise [14]. In principle, this

algorithm can detect not only extrema but also saddle points.

However, no experimental results concerning saddle points

were presented by Becciu et al. [13]. We show novel re-

sults on saddle point detection by the 3D winding number

algorithm, both for 3D tagged MRI cardiac data and PC-MRI

blood flow data. Moreover, we have optimized the algorithm

and adapted it for use on flow data. Finally we discuss our

results and possibilities for future work.

2. METHOD

In the case of a scalar image u(x), critical points are those

for which ∇u(x) = 0. In any other case the point is called

regular. In 3D, there are four types of non-degenerate critical

points, i.e., the determinant of the 3×3 Hessian matrix is non-

zero. These are minima, 1-saddles, 2-saddles and maxima.

They are commonly characterized by the number of negative

eigenvalues of the Hessian, the so-called index, which is 0, 1,

2 or 3, respectively.

In order to detect saddle points, we compute the 3D wind-

ing number ν at every point in the image. We follow hereby
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the definition of Kalitzin et al. [14]:

ν =

∮
S

Φ(x) (1)

where Φ is a 2-form given by:

Φ =
ui duj ∧ dukε

ijk

(ulul)3/2
, i, j, k, l = x, y, z (2)

and S is a sufficiently small closed surface surrounding the

point x. Here, u = u(x) is the image function, ux, uy, uz are

the components of the spatial gradient of the intensity func-

tion, ∇u = (ux, uy, uz), and ε is the Levi-Civita symbol,

defined in Cartesian coordinates as the completely antisym-

metric symbol normalized by ε123 = 1. The antisymmetric

wedge product is represented by ∧. We use Einstein’s sum-

mation convention, i.e., repeated upper and lower indices are

tacitly summed over. Eq. (2) can be rewritten as [13]:

Φ=
1

‖∇u‖3 [(∇ui×∇uj)·∇u] dxi∧dxj , i, j = x, y, z (3)

where ∇ui = (uxi, uyi, uzi). The 3D winding number ν,

given by Eqs. (1) and (3), is zero at a regular point, and 4kπ,

with k = ±1, at a critical point [15]. The value of k depends

on the character of the critical point, namely, k = +1 for min-

ima and 2-saddles, and k = −1 for maxima and 1-saddles.

Once the winding number has been calculated, it suffices to

examine the image intensity at the considered point and its

close neighborhood to distinguish between a minimum and

a 2-saddle, or a maximum and a 1-saddle. A more detailed

discussion on the derivation and properties of ν can be found

in [13, 14].

In order to implement expression (3) we employ a scale-

space approach [16, 17], and consider Gaussian derivatives of

the image intensity function at different scales. We optimize

two aspects of the winding number algorithm with respect to

previous work [13]. On the one hand, we decrease compu-

tational time by exploiting the separability of the Gaussian

kernel for the calculation of first and second order 3D deriva-

tives in Eq. (3). On the other hand, we filter detected clusters

of points to find the voxel with the lowest gradient magnitude,

since the algorithm typically detects a cluster of critical point

candidates around the true critical point. The 3D velocity field
�V = (V 1, V 2, V 3) of detected critical points in a sequence of

frames can be computed by [4, 13]:

�V (t) = −H(x(t), t)−1 ∂(∇u(x(t), t))
∂t

(4)

where t represents the different frames in the image sequence

and H is the Hessian matrix.

The winding number method can also be used to find criti-

cal points of a vector field �v(x), i.e., isolated zeros of the field.

In order to do so, the algorithm has to be modified by consid-

ering the vector field �v(x) as input data rather than the derived

gradient field ∇u(x). We now rewrite Eq. (3) accordingly:

Φ=
1

‖�v‖3 [(�vi × �vj) · �v] dxi ∧ dxj i, j = x, y, z (5)

where �v = (v1, v2, v3) and �vi = ∂i�v = (v1i , v
2
i , v

3
i ). Subse-

quently, critical point detection proceeds as in the scalar case.

Note that this is essentially the same critical point detection

method as the so-called Poincaré index [18, 19, 20]. This

nomenclature appears in, e.g., literature on flow topology and

visualization, while the winding number is commonly used in

the context of image analysis. Also, critical points of a vec-

tor field are referred to as source (minimum), repelling saddle

(1-saddle), attracting saddle (2-saddle) and sink (maximum).

3. EXPERIMENTAL RESULTS

3.1. Cardiac motion estimation

We consider tagged MRI data of a human hart [21]. The data

is a sequence of 23 volume images with a spatial resolution

of 112 × 112 × 112 voxels, a temporal resolution of 30 ms

and tags of 8 voxels wide. We employ the described method

to detect critical points in several frames of the tagged MRI

data. Results depend on the scale at which derivatives are

computed. This is illustrated in Fig. 1. Note that the number

of saddle points is significantly higher than that of extrema.

Subsequently, we compute the velocity field using Eq. (4),

based on the detected saddle points and maxima. Results are

given in Fig. 2. It is clear that velocity fields corresponding to

both types of saddle points are substantially more dense than

in the case of maxima.
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Fig. 1. Number of critical points versus scale, for frame 10;

the scale is equal to σ2/2, where σ is the width of the used

Gaussian kernel.

3.2. Cardiovascular blood flow

We furthermore investigate saddle point extraction for time-

resolved volumetric blood flow fields, acquired by PC-MRI.

The velocity information is measured throughout the cardiac
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Fig. 2. Top left: Short axis view of tagged MR images, at

frame 7; left ventricle on right-hand side of the image. Cor-

responding 3D velocity field of the cardiac muscle, based on

tracking of maxima (top right), 1-saddles (bottom left), and

2-saddles (bottom right), at a scale of 3.

cycle, and is subsequently reconstructed at twenty phases in

time, with a temporal resolution of approximately 40 ms. Ev-

ery phase of the 4D flow data set entails a volumetric vector

field, with a 3D velocity �v = (v1, v2, v3) at each voxel loca-

tion. A typical data set comprises 150×150×50 voxels, with

a voxel size of 2 × 2 × 2.5 mm3. Fig. 3 gives an impression

of the data.

Fig. 3. A sagittal slice of one phase of 4D PC-MRI blood flow

velocity data, depicted by the directions of acquisition at sys-

tole, where x conveys the flow in right-to-left direction, y in

anterior-to-posterior direction and z in feet-to-head direction.

Before examining saddle points in a blood flow field, we

need to understand the influence of noise on saddle point ex-

traction. Gradient calculations are sensitive to noise, possibly

jeopardizing the extraction results. The data is affected by

conventional MRI acquisition noise, which follows a Rician

distribution [22]. We employ the signal-to-noise ratio (SNR)

as a quality measure, which in our case is determined by

computing the ratio between the signal averages of a selected

foreground region, containing high-speed flow, and a back-

ground region. For the measured velocity data, the unitless

SNR values are typically better than 200. Experiments on

artificial data confirm that saddle point extraction is robust to

these levels of noise. We have generated a test data set given

by �v = (x, y,−z), containing a single 1-saddle at x = 0.

We superimpose varying levels of noise, which are linearly

related to the mean of the vector magnitudes. For all experi-

ments, covering a SNR range from 250 to 5, only 1-saddles

where detected.

(a) (b) (c)
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IVC
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IVC

SVCSVC
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Fig. 4. (a)-(b) Pathlines convey the time-resolved volumetric

blood flow in a volunteer study. Color codes the flow speed,

with a lighter color representing a faster flow. (a) Cardiovas-

cular system at peak systole. (b) We zoom in on the dynamics

of the bloodstream into the right atrium. (c) A 1-saddle is de-

tected within the right atrium, where the inflow streams meet.

The winding number algorithm is applied to the blood

flow data set, at a fixed small scale comprising a neighbor-

hood of 3× 3× 3 voxels. The reason is that subtle flow vari-

ations are readily affected by the spatial resolution, and asso-

ciated partial volume effects. A fixed small scale is therefore

necessary to retain the necessary detail in the flow dynamics.

We focus on the cardiac right atrium. Here, hemodynamics

is characterized by a congregation of the inflow from the su-

perior vena cava (SVC) and the inferior vena cava (IVC), in

which case saddle points are expected. Extrema should not

occur in the divergence-free blood flow fields (e.g., [12]). The

algorithm detects a single 1-saddle within the right atrium, as

depicted in Fig. 4(c). This point is detected over five phases of

the cardiac cycle, roughly comprising the systolic time span

of a heartbeat. The consistent detection in both space and time

makes us confident that the found saddle point is not related

to acquisition artifacts.

4. CONCLUSIONS

We have presented novel results on detection of 3D saddle

points in cardiac imaging. We have examined the depen-

dence on scale of detected critical points in 3D tagged MRI
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images, and estimated cardiac motion by computing velocity

fields based on different types of critical points. We prelimi-

nary conclude that velocity fields based on saddle points are

preferable to those based on maxima, since they are more

dense and therefore the vector field reconstructions are better

supported by data evidence and less affected by extrinsic in-

terpolation or regularization hypotheses. It is also clear from

the results that a combined approach using maxima and both

types of saddles further improves vector field reconstructions.

However, the stability of detected saddle points through the

image sequence should still be assessed.

We have also performed a feasibility study of critical point

detection in measured flow data, obtaining promising results.

Note that in the literature, critical point extraction is studied

almost exclusively on analytical vector fields. Our method

should be assessed further by experiments on more data sets,

including pathological flow data. In the case of vector fields,

critical points with complex Jacobian eigenvalues can occur.

Although our method can potentially detect such points, this

aspect should be developed further to achieve a confident de-

tection. We have also observed that noise addition in analyt-

ical vector fields can change the character of a critical point

from real to complex, in the Jacobian eigenvalues sense. In

future work we will address this issue for measured flow data.
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