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ABSTRACT

The distributed source inverse problem for Magnetoen-
cephalography (MEG) requires regularisation in order to
calculate a stable and accurate solution. Recently there has
been interest in source reconstruction via the [; penalised
least squares problem. Although this gives some sparseness
the ideal measure for sparsity is the [y norm.

Here we develop a cyclic descent algorithm to solve the
grouped-variable [y penalised least squares problem for an
underdetermined linear system.

We demonstrate the utility of this method on real MEG
data and show an increase in sparsity achieved using the [
instead of the [y penalty.

1. INTRODUCTION

The Magnetoencephalography (MEG) source localisation in-
verse problem involves estimating source positions of neural
activation via external sampling of biomagnetic fields. Here
we study the distributed source model which estimates am-
plitudes for a dense grid of current dipoles arranged on the
cortical surface or throughout the brain volume at points de-
termined from a structural MRI scan.

The model y; = Gq; + €; gives the observed field vector
4 as a linear sum of the source dipoles ¢; representing fo-
cal neural activation; ¢, ~ N (0,X). G, is the lead field
matrix. The inverse problem is severely ill-conditioned for
two reasons: Obtaining sufficient spatial resolution necessi-
tates a highly sampled source space within cortex, so p > n.
Thus the model is underdetermined and many possible source
dipole arrangements will produce the same noise free mag-
netic field measurements. Secondly, the physics coupled with
the relative distance of source and sensor locations causes the
singular value profile of G to have many fewer than n signif-
icant singular values.

Hence, getting a unique and stable solution requires con-
straints to be placed upon the source distribution.
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A standard approach to regularisation is to consider a pe-
nalised least squares problem

win 7 () 7 (@) = 5 Iy — Gall3 + o (a)
which compromises between minimising the residual energy
of the linear model fit and penalising some charcteristic of
the underlying source distribution ¢ (¢). h is a penalty pa-
rameter. A common approach is to regularise via a weighted
Tikhonov method, ¢ (¢) = HWq||§ where W is a diagonal
weight matrix, which has the advantages of a robust solution
and closed-form calculation. The noise-free version of this
solves min ||WqH§ such that y = Gq and is known as the
Minimum Norm Estimate [1]. However this method promotes
a smeared, non-zero estimate of cortical activation across the
entire source space; generating a spatial map of estimated
neural activation then requires applying a threshold not de-
fined within the model.

Due to functional specialisation in brain regions we
expect a spatially sparse solution for ¢;. Applying a sub-
quadratic penalty can give sparse solutions consistent with
physiological understanding that macroscopic neural activa-
tion occurs in spatially clustered but focal regions.

An ideal sparse model would constrain the /y ‘norm’ of
the current distribution, i.e. the number of non-zero source
dipoles. However [ regularisation is nonpolynomial (NP)
hard: .J (¢) becomes a non-convex function and a global min-
imum cannot be guaranteed when converging except by ex-
haustive search. So instead existing methods often approxi-
mate the sparse variable-choosing behaviour of [ by using an
[ penalty to the least squares regression problem, as studied
by [2] and popularly known as the LASSO [3]. In MEG the
noise-free version of this is known as the Minimum Current
Estimate (MCE) method [4]. MCE constrains the /; norm as
& (q) = >, wilg|, ¢(q) being the total magnitude of the
current distribution with predetermined source current direc-
tions. This problem is convex and can be solved using Linear
Programming [5] or other methods such as cone programming
[6].

Other related [; methods for MEG allow free-orientation
of the estimated current dipoles by grouping the dipole com-
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ponents g; = \/ (43, +4a}, +d;.) (independently devel-
oped for EEG by [7]) then constraining the sum of /> norms
of each current dipole g; as the previous /; problem. This
takes the form of the group LASSO model [8] first proposed
by [9]. Some models [6, 10, 11] extend to account for tem-
poral smoothness, e.g. using an l» or other composite norm,
which we do not consider here.

It is well understood that the [y penalty generates greater
levels of sparsity than [;. It can be shown that under cer-
tain restrictive conditions, such as a noise-free environment,
that [; regularisation can give equivalent results as the [y [12].
This issue of equivalence has not been properly explored in
the case of noisy data. While the spatial [; constraint on MEG
dipole amplitude does promote some sparsity it does not pro-
vide equivalent solutions to an [y penalty as shown in this
paper.

Practical differences between [y and [y norms for this
problem are observed as scaling effects on coefficients. An
lp norm causes immediate rejection of small coefficients; this
differs from /; which shrinks all coefficients in the model by
varying amounts and only discards coefficients as a result of
this decrease.

In this paper we develop and demonstrate a grouped-
variable [ regularised least squares cyclic descent algorithm
(which we denote gLOLS-CD) suitable for solving the MEG
inverse problem. This method has the advantage of the
l1-equivalent group-LASSO in that it penalises groups of
variables to be identically zero, which corresponds to group-
ing dipole direction components in the MEG case. It is an
extension of the scalar [y penalised multivariate regression
cyclic descent based method presented in [13].

In Section 2 we derive the gL.LOLS-CD algorithm and pro-
vide a simple implementation. In Section 3 we compare the
results of the [y penalised gLOLS-CD and the [; penalised
gLLASSO algorithms on real MEG data. Conclusions are of-
fered in Section 4.

2. METHOD

Here we develop a grouped-/ penalised least squares cyclic
descent (gLOLS-CD) algorithm for calculating a regularised
inverse of an underdetermined linear system.

For a linear model y = Xf + ¢, arrange the columns
of X into m groups, [X,,,,}nxpu of size p,, u = 1,...,m so
E’ln Py = p. [y is the corresponding p,-vector of coeffi-
cients.

Assume group-wise column scaling so that X' X, = I, .

Consider cyclic descent minimization of

m

J(B) = lly = XBI* +nY_I(I|B.] #0)
v=1

where I (-) is the indicator and so >, I (|| 8,]| # 0) is the
number of non-zero coefficient groups. Weighting parame-
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ter h determines the emphasis between minimising either the
error variance or the sparsity of the solution.

Theorem 1 To optimise at the (k 4 1)th iteration we up-
date for m steps, through each group of parameters 3,, v =
1,...,m. Ateach step to update 5*,

1. Compute e* =y — X 3F

2. Compute 7% = XTek

3.5+ = (o + B8 I ([l + 85| = V)

Then after iterating this for v = 1,...,m we have updated
ﬁk to ﬁk-ﬂ.

Derivation Fix all coefficient groups (3, at their values at
the kth iteration except for 3,. Then

J=|lek, = X8| + 0> Ik + hl,
uFv
where I} = I (||8%]| #0); e*, =y — > st X8k
Expanding gives
T= P+ S 1k = 28T X, 8, + |18, + R,
uFv
now set

kT _ kT
zyt =el, Xy

and add and subtract

2B T ok
to get
J = J.,+R(B)
Jow = Bl + > 0
u#tv
R(B) = ||k =B +hl

Now J_, does not depend on /3, and so can be dropped.

Lemma The minimizer of R (3,) is
Bt = 2 ([|24]] = V)

Proof. R(0) = ||2%| ? otherwise R (By) is minimised at
B, = zF with corresponding value h. Thus the minimum is
at 0 if HZLCHQ <h= Hsz” < v/l and the result follows.

We can rewrite

2= XTek
Xy (" + X0B;)
= yE+B
b= y—Xxpk
o= Xget



then the gLOLS-CD solution can be written

Bt = (B I (e + 85 = VR) )

3. RESULTS

For MEG analysis this algorithm is applied separately at each
time point as a ‘snapshot’ analysis. For the model

y=Gq+e

we operate on mean-corrected data and lead-field matrix. The
model is pre-whitened as G = Z’%Gmw, y = E’%ymw. The
columns of the lead-field matrix G are scaled via a depth-
weighting procedure [14] before orthonormalising the column
groups using a Cholesky decomposition as follows,

m
Z JuGu [qu are 3-vectors]

u=1

Gq =

1 1
= Gu (gggu) : (gfgu) * qu
= Gudu
1
where g, = gy, (gggu)_E-

The inverse problem is therefore solved for parameters
qQu = (95 gu) z ¢, and then unscaled to calculate q. The Min-
imum Norm Estimate is used as a seed solution for the subse-
quent optimisation to increase the likelihood of the [y-descent
algorithm converging to a global minimum.

We compare results from real data using the grouped-
Iy (gLASSO) and grouped-ly (gLOLS-CD) penalty algo-
rithms. The data is from a basic auditory stimulus experi-
ment and is taken as a time snapshot from averaged stimulus
measurements. MEG data is sampled at 1000Hz by 157
coaxial first-order gradiometers (KIT, Kanazawa, Japan);
dim (G) = 157 x 24576.

The calculated activation pattern from a single time snap-
shot using the gLOLS-CD algorithm gives a focal estimate of
source dipole activity in the secondary auditory cortex (Fig.
1). This activation is detected on the upper temporal gyrus,
immediately adjacent to the primary auditory cortex on the
supratemporal gyrus. Although this estimate does not corre-
spond to the expected region of the primary auditory cortex,
the small spatial error could be attributed to lack of orienta-
tion constraint on the source estimates.

Choosing the regularisation weighting factor A is vital to
achieve plausible results. The [y regularised solution shown
in Fig. 1 is stable within a reasonable range; small h gives a
distributed dipole estimate whereas larger h gives a null re-
sult.

Results from the /; penalised gLASSO algorithm in Fig.
2 also show focal dipole estimates. The gLLASSO results are
more distributed than from the glLLOLS-CD approach and al-
most certainly include false positive dipole activation esti-
mates, since the detected regions extend into parietal lobe and
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Fig. 1. MEG activation map from auditory stimulus calcu-
lated using a grouped-/, regularised least squares algorithm.

Fig. 2. Map of activation from auditory stimulus calculated
using a grouped-/; regularised least squares (gLASSO) algo-
rithm.

middle temporal gyrus which are not expected to be involved
in the simple auditory experiment task.

Increasing the regularisation parameter h causes the /; so-
lution to converge towards the posterior lower temporal gyrus
leading to an obviously false-positive result.

These are preliminary but encouraging results for this new
approach. Including other model assumptions incorporating
temporal and further spatial distributions is well known to
give improved estimates of dipole amplitude and we will pur-
sue these issues in further work. In this work we are primarily
concerned with the improved level of sparsity gained by us-
ing an [y penalty instead of the /;. The results shown here
demonstrate that increased sparsity.

4. CONCLUSION

In this work we have developed an algorithm to solve the
grouped-variable [y-regularised least squares regression prob-
lem using cyclic descent. Applied to the Magnetoencephalog-
raphy inverse problem, the algorithm constrains the three
components of the source vector at each voxel to be jointly
zero or jointly non-zero.



We have demonstrated the utility of this algorithm com-
pared to an [y approach in a comparative study on real MEG
data to show spatially focal source dipole estimates.

Future work on this topic will extend the model to account
for piece-wise temporal smoothness within the data. There
is also scope to develop more rigorous selection criteria for
the [y regularisation parameter equivalent to the grouped-I;
problem discussed in [15].
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