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ABSTRACT

The Funk-Radon Transform allows to approximate the central
section integral of the diffusion signal to compute probabilis-
tic Orientation Distribution Functions (ODF) of fiber popu-
lations, provided the behavior for the b-values not acquired
is known. To relax the latter demand, it has been proposed
to compute instead the integral inside the disk defined in the
central section by the b-value acquired. The price to pay is
low-pass filtering the ODF, cropping the information it pro-
vides. We propose a method to palliate this problem with
negligible computational overload. Not only it improves the
accuracy in the determination of the diffusion directions, but
it also refines the crossing angles that can be resolved.

Index Terms— Diffusion MRI, HARDI, ODF, OPDT.

1. INTRODUCTION

! Diffusion Magnetic Resonance Imaging (MRI) has become
an attractive technique in neuroimaging during the last two
decades, due to the possibility it grants of studying the con-
nectivity in the white matter non-invasively. In its most com-
mon form, Diffusion Tensor Imaging (DTI) allows estimating
a second order tensor at each imaged voxel, which suffices
in many cases to elucidate the principal directions of diffu-
sion [1]. However, the limitations inherent to this technique
(mainly, its incapability to resolve complex neural architec-
tures such as fiber crossings) have encouraged the appearance
of a number of methodologies intended to fit more complex
diffusion models [2]. Among them, High Angular Resolution
Diffusion Imaging (HARDI) has experienced a great devel-
opment lastly. With this acquisition philosophy, a relatively
large number of sensitizing gradients in non-collinear direc-
tions are acquired, extending the standard DTI protocol.
Though the literature on HARDI is long-winded (see [2]),
we are interested here in those methods based on the Funk-
Radon Transform (FRT). The diffusion propagator, P(R), i.e.
the probability law driving the diffusion of water molecules,
is the Fourier transform of the signal acquired by the MRI
scanner, F(q), [3]. By virtue of the central section theo-
rem, P(R) may be marginalized to extract its Orientation
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Distribution Function (ODF), ®(r), by integrating E(q) in
the plane perpendicular to r [4, 5]. This operation may be
accomplished in polar coordinates: the integration in the an-
gular coordinate corresponds to the FRT [6], while the radial
coordinate often requires some assumption on the radial be-
havior of F(q) [5]. A popular supposition in this sense is
that F(q) is a negative exponential in ||q||? [2]. Though this
premise allows to find good estimates of the fiber populations
in most of the cases, it is not completely accurate, and it can
be relaxed as shown in [4, 5] using Orientation Probability
Density Transform (OPDT)-like estimators. With the OPDT
proposed in [4], we only require E(q) to behave as a negative
exponential in [q||? locally, in an environment of the q-value
actually measured by the MRI scanner, while with the cOPDT
in [5] we require the radial integral of E(q) to locally behave
as an exponential integral [7]. In both cases, the key is to
replace the integral in the plane perpendicular to R with the
integral inside the disk delimited in such plane by the intersec-
tion with the sphere ||q|| = ||qo||. Though these techniques
have proven themselves more adequate than the simple mono-
exponential-based ones, the integration inside a disk instead
of the whole plane introduces a low-pass filtering of the orien-
tation information ®(r), smoothing its typically peaky shape
and hindering its ability to accurately depict fiber crossings.

We aim at palliating this effect by using a deconvolution
approach. In section 2 we introduce a generative model for
the probabilistic ODF, ®(r), as a continuous mixture (con-
volution) of degenerated tensors (individual fiber orientations
represented as singularities in the space of directions {r €
R? s.t |r|| = 1}). In section 3 we compute the impulse re-
sponse of these convolution kernels to the low-pass filtering
operation inherent to the OPDT. Using this result, we develop
in section 4 a framework similar to that proposed in [8]: the
OPDF, the acquired signal F(q), and the response of the ele-
mental tensor to the low-pass filter are represented in the ba-
sis of Spherical Harmonics (SH) [7], so that we can use the
Funk-Hecke theorem to compute the desired deconvolution as
a simple linear manipulation of the coefficients computed for
the OPDF by means of the OPDT or the cOPDT. In section 5
we show some representative results about the improvement
achieved with this approach over the regular OPDT-like esti-
mators, while in section 6 we discuss some potential benefits
of our method for fiber detection, fiber tracking, and other
relevant problems related to diffusion MRI.
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Fig. 1. Accuracy of the diffusion model proposed, for a typ-
ical scenario of two fibers crossing in an angle of 60°. The
corresponding attenuation signal £(q) is plotted in each case
against the corresponding gradient direction.

2. DIFFUSION MODEL

The signal acquired for a wave vector g (comprising both the
pulsed gradients and the gyromagnetic ratio of the hydrogen
nuclei) is related to the diffusion propagator as [3]:

w0

In HARDI approaches, we are usually more interested in
some kind of angular projection of P(R), the so-called ODF:

P(R)=3{E(q (=j27q'R) dq. (1)

P(r) = / R*P(Rr)dR: |r| =1,R=Rr, (2
0
where the term R? in the integral is necessary for the ODF to
be an angular probability law [4]. The probabilistic ODF may
be seen as a distribution of fiber orientations in the space of
unit directions r. With this consideration, our model assumes
that ®(u) is a prior distribution for a mixture of singular ten-
sors: each of them has its main eigenvector (with a certain
eigenvalue A > 0) aligned with the corresponding u, and the
remaining two eigenvectors correspond to null eigenvalues:

P(R) = / /| L PRI 3

which stands for the spherical convolution of ® with the dif-
fusion propagator P corresponding to the elemental fiber res-
ponse (degenerated tensor). The P, are rotations of Gaus-
sians aligned with the z axis; in Cartesian coordinates:

o (-5 ) s0rit). @

PR)=P.(R) = \/4%

3. LOW-PASS FILTERED ODF OF TENSORS

Egs. (1) and (2) can be further combined to find an alternative
expression of the ODF in the gq-domain [5]:

1
Or) = 1575

where II is the plane orthogonal to r that contains the ori-
gin, and Ay denotes the Laplace-Beltrami operator. As stated
before, the most useful estimators of ®(r) introduced in [4]

/ ApE(q)dq: IT={q:q Lr}, (5
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and [5] are based on integrating an alternative domain €2:

1 1
P(r) = R*ﬁ/QAbE(Q)dq

Q={q:qlr,|q] <q}, (6)

where ¢ is related to the b-value actually acquired by the MRI
scanner [3]: b = 47%7¢2. With the notation used above, and
given the linearity of the spherical convolution in eq. (3), we

may conclude that @(r ) is equivalent in our model to:

q»r_// (1) Wy (1), %
[[ull=1

where ¥(r) is an approximation of the ODF corresponding to
the elemental tensor in eq. (4) estimated using eq. (6). To ex-
plicitly compute the rotating kernel ¥(r), we need the inverse
Fourier transform of eq. (4), i.e. the signal theoretically ac-
quired by the MRI scanner for a singular fiber bundle aligned
with the z axis. In spherical coordinates, we have:

E(Q) =F " {PR)} (q) = exp (—47r2)\q2 cos2(a)) , (8

where ¢ = ||q||, and « is the inclination angle of the spher-
ical coordinates system. Since £(q) does not depend on the
azimuth, the Laplace-Beltrami operator reduces to:

1 o (. 0
Afla) = ot (sin() ()
= —8m\ (1 ( — 8m2\¢% cos’a sin’ar — 3cos2a) £(q).9)

To compute the integral of eq. (9) inside 2 for each r, we
use polar coordinates. For the radial coordinate, one can use
scientific calculus software to obtain:

90
| e = A (costo): (10)
2DE(1-12)e P~ (1442) (1-e 0P
At) = - LA

where D is the diffusivity associated to the elemental tensor
(A = D). It only remains to compute the integral in the
angular polar component. This reduces to computing the in-
tegral of the spherical function A along an equator orthogonal
to each r, i.e. computing the Funk-Radon transform of A [6]:

U(r)= ﬁ+g {A(cosa)}(r)= g{# +A(cos a)}(r). (12)

4. DECONVOLVING THE PROBABILISTIC ODF

The ODF of the propagator in eq. (4) represents a singularity,
i.e. a Dirac delta distribution, in the space of orientations-
r, corresponding to the z axis. In case we integrate in the
whole orthogonal plane II, eq. (7) represents a convolution
with the unit element, hence the approximation is exact and
® = &. On the contrary, for the approximation in eq. (6),
the low-pass filtering inherent to the integration in ) blurs
the orientation of the ODF, which is no longer a singularity.
Hence, the observed ODF, ®, may be seen as the convolution



—1I=0
—1=2
—l=4
—I=6

i i —!=8 i
5 10 15 20

b'D

Fig. 2. Correction factors f;, as a function of the product bD,
for the first few even degrees of SH, in logarithmic scale. For
[ = 0, we have fo = 1 (log;,(fo) = 0) for all bD, since the

probabilistic ODF has always integral 1.

of the true ODF we aim at computing, ¢, with the kernel
U. From eq. (12), it is easy to infer that ¥(r) depends only
on the inclination angle 6 in spherical coordinates, ¥(r) =
©O(cos 0), hence the convolution may be written in the form:

o) - | /|| L bwe

In this situation, the Funk-Hecke theorem provides a rela-
tionship between the coefficients of ®(r) in the SH basis, ¢}",

r'u)du. (13)

the corresponding coefficients of <I>/(;), c?, and the zero-order
coefficients of ¥(r), dY (since ¥(r) depends only on the in-
clination, all other dj", m # 0 are null). In precise terms:

4
20+ 1

PN
B 4 d? B fl ’
Once all the functions are represented in the SH basis, the
deconvolution reduces to a correction of the corresponding

coefficients with the f;. Next, we note that O(cosf) is the
FRT of A(cosa) + 1/873. Since SH are eigenfunctions for

0 m m
dl @] = @]

(14)

the FRT with eigenvalues \; = 27 (—1)/2(1 — 1)!1/1!!, we
may write d) = \; €}, such that:
4
= A
iz he = // 2z+1

2
= W/ (1 +A(cos a)) Py(cos a)sin ader, (15)
where YlO are the SH of degree-I and order-0, and P, is the
Legendre polynomial of degree-l [7]. This integral may be
analytically computed with scientific software or numerically
evaluated (we use the second option). Summarizing our ap-
proach, we use eqs. (11) and (15) to precompute (for all data
sets) the correction factors f;. These corrections are further
applied to the SH coefficients of the OPDT-like estimators
described in [4, 5] to remove the low-pass filtering. Note the
use of SH representations is inherent to the OPDT, so the
computational overload is negligible. As a final remark, note
A'in eq. (11) depends on the product bD at each voxel. We es-
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Fig. 4. Axial slice of a volunteer. The conventional cOPDT
(red) fails to recover the crossing at the highlighted structure,
while our deblurring approach (green) correctly resolves it.

timate it by noting that the mean value of £ (q) in eq. (8) over
all q is € = erfvbD/v4rwbD. Hence, if E(q;),i =1...N
are the gradients acquired, we compute bD by solving:

erf(VbD) 1 al 4
2/mvD N;E(qi)- (16)

5. RESULTS

In our first experiment we test the accuracy of the diffusion
model proposed. To that end, we have simulated a noise-free
signal E(q) corresponding to a 60° fiber crossing comprising
two identical tensors with eigenvalues [1.7,0.3,0.3] x 1073
mm?/s, for two different b-values b = 1,000, 3,000 s/mm?,
and for 200 non-collinear directions fairly distributed in the
unit sphere. The prior distribution ®(r) is computed using
the cOPDT in [5] and deblurred with our approach. The dif-
fusion signal is computed convolving this ODF with the ex-
pression in eq. (8), and then compared to the true signal in
Fig. 1. As it can be seen, the model described in section 2
agrees fairly well with the actual signal, justifying its use.
Fig. 2 shows the correction factors f; of the SH coefficients:
the higher the degree [, the larger the amplification introduced
(we divide by a smaller factor f;), which obviously enhances
the higher frequencies. To demonstrate the usefulness of this
approach, we further extend our first experiment in Fig. 3
for b = 1,000 mm?/s: the angle between the fibers cross-
ing is varied within the range [45°, 90°], and the probabilistic
ODF computed with or without applying the deblurring ap-
proach presented here. Our method produces sharper ODFs
that more closely resemble the ground truth analytically com-
puted from the Gaussian mixture, allowing to resolve fiber
crossings in angles as small as 45°. Besides, when the fiber
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Fig. 3. Examples of probabilistic ODFs for a fiber crossing synthetically generated: (top) ground-truth (the number refers to
the angle between the fibers); (middle) blurred ODF using the cOPDT approach in [5] (the angular error in the recovered fibers
is indicated; oo means the method failed to resolve the two compartments); (bottom) ODF recovered after deconvolution.

directions are estimated as the local maxima of the ODFs,
the error committed is far smaller after deblurring, practically
for all the range. Since all the previous experiments are syn-
thetic and do not account for side artifacts such as acquisi-
tion noise, we have conducted a final experiment with a real
data set acquired in a Signa 1.5 Tesla GE Echospeed system,
comprising 8 unweighted T2 baseline images and 51 diffu-
sion weighted images with b = 700 s/mm?. As it could be
predicted from our previous experiment, Fig. 4 shows that the
deblurring method proposed allows to resolve fiber-crossings
that remain hindered when the conventional cOPDT is used.
The interleaving of the fiber bundles corresponding to the
middle cerebellar peduncle with those corresponding to the
pontine crossing tract are typically quite difficult to resolve
due to the large curvature of their trajectories. Hence, accu-
rately deblurring the ODFs may be crucial for fiber-tracking
algorithms to succeed in correctly describing these anatomies.

6. DISCUSSION AND CONCLUSIONS

OPDT-like estimators enable relaxing some common model-
ing assumptions in HARDI, regarding the diffusion signal for
b-values not directly acquired [4, 5]. This is done at the ex-
pense of introducing a certain bias (systematic ODF blurring)
whose origin is the deliberate cropping of the spectrum of the
diffusion propagator. We have proposed an approach to effec-
tively remove this artifact, so that the last theoretical limita-
tion of OPT-like estimators compared to a mono-exponential
model is overcome. In practice, the advantages of our work
are also evident: fiber crossings are more accurately resolved,
and we can even detect crossings that remain hindered with
the regular OPDT. Furthermore, the computational overload
of our proposal is negligible. Finally, our model assumes
that all fiber bundles in the voxel population exhibit similar
diffusivities. Future research will focus on refining this as-
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sumption, and integrating our method with sparse modeling
to reduce the demands on the amount of data required [9].
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