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ABSTRACT

This paper addresses the denoising problem associated with diffu-
sion MR imaging. Building on previous approaches to this problem,
this paper presents a new method for joint denoising of a sequence of
diffusion-weighted (DW) magnitude images. The proposed method
uses a maximum a posteriori (MAP) estimation formulation to incor-
porate a Rician likelihood (for modeling the noisy magnitude data),
a low rank model (for the DW image sequences) and a spatial prior
(for imposing joint edge constraints). An efficient algorithm to solve
the associated optimization problem is also described. The proposed
method has been evaluated using both simulated and experimental
diffusion tensor imaging (DTI) data, which yields very encouraging
results both qualitatively and quantitatively.

Index Terms— Diffusion-weighted imaging, diffusion-tensor
imaging, Rician noise, low rank, edge constraints.

1. INTRODUCTION

Limited signal-to-noise ratio (SNR) has been a long-standing obsta-
cle for high-resolution diffusion MRI, and various denoising meth-
ods have been proposed to address this problem. It has been estab-
lished that denoising methods that process complex-valued data can
significantly outperform methods that use only magnitude images,
and are also more easily characterized [1]. However, it is often the
case that clinical and research MRI scanners do not save the phase
information in diffusion weighted imaging experiments. As a result,
denoising diffusion weighted (DW) magnitude images remains an
important practical problem, which is the main focus of this paper.
While signal-independent Gaussian noise modeling is appropri-
ate and straightforward for complex-valued data [1], the noise statis-
tics for magnitude images are more complicated. In particular, the
noise in magnitude images are signal dependent, and follows a Ri-
cian distribution [2,3]. It is important that these Rician image statis-
tics are modeled explicitly [3], and various Rician denoising ap-
proaches have appeared in the literature [4-11]. Existing denoising
approaches have made use of various image constraints, including
sparse image modeling [4], local smoothness constraints [5—7], and
non-local image self-similarities [8—10]. These methods take advan-
tage of both knowledge of the noise distribution and additional prior
information about the characteristics of magnitude image sequences.
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This paper proposes a new method for denoising DW magnitude
images, combining three modeling assumptions. First, the intensity
in the noisy magnitude images follows Rician distributions. Second,
different DW images are smooth but have similar edge structures.
This type of edge constraints was first used for denoising diffusion
MRI data in [1]. We use the same joint edge-preserving regulariza-
tion framework to enforce the spatial edge constraints in our new
algorithm. Third, the diffusion weighted image sequence has a low
rank structure. Low-rank models have previously been used for un-
dersampled image reconstruction [11-13] and denoising [14] in var-
ious MR contexts. The combination of these three different but com-
plementary components is utilized within the maximum a posteriori
(MAP) estimation formulation, which we optimize using an efficient
alternating minimization algorithm.

The rest of this paper is organized as follows. Section II de-
scribes the proposed joint denoising formulation and explains its
components in detail. Section III shows representative results ob-
tained with the proposed method from simulated and experimental
data sets. Section IV concludes the paper.

2. PROPOSED METHOD

Suppose we are given a sequence of () noisy DW magnitude images

Y = [y17}’27“‘ 7yQ}7

where the vector y; € R™ is an individual DW image with M pix-
els and X = [x1,X2,- - ,Xq] is the underlying noiseless image
sequence. We address the denoising problem using a MAP estima-
tion formulation as follows:

>
I

arg max logp (X ]Y)

arg min —logp (Y | X) — logp (X), (1

where p (Y |X) is the likelihood function that enforces data consis-
tency, and p(X) is the image prior reflecting the intrinsic properties
and side information about the images. In the following, we pro-
vide details on how these components are modeled in the proposed
method.
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2.1. Noise Model

It is well accepted that standard MR magnitude images follow a
Rician distribution [3, 15]. Assuming independent univariate Ri-
cian distributed noise at each voxel, we can express the likelihood

p(Y | X)as
Q M 2 2
_ qu qu + xmq qufl?mq
p(YIX)—HHUzeXP<— = )IO( p >
th

g=1m=1

where Y4 is the noisy intensity of the m™* voxel in the ¢ image
and x4 is the corresponding noise-free intensity. Io(-) is the mod-
ified Bessel function of the first kind with order zero and o is the
variance of the real and imaginary parts of the original complex im-
age noise (prior to discarding the phase image). Estimation of the
noise variance o2 is discussed in Section 2.4.

2.2. Image Model

The proposed image model contains two components: 1) low rank
modeling exploiting the spatial-diffusion correlation, 2) a prior term
incorporating the correlated edge information from the entire DW
image sequence.

Low rank modeling is used to incorporate the prior information
that the noiseless diffusion signal at a given voxel is generally lin-
early dependent on the diffusion signals in other spatial regions. This
dependency (referred to as spatial-diffusion correlation) results in a
low dimensional structure in the spatial-diffusion matrix. For sim-
ple parametric models like diffusion tensor imaging (DTI) [16], low
dimensional structure emerges naturally as a consequence of the lim-
ited number of degrees of freedom in the tensor model. In addition,
even without simplistic diffusion modeling, it is still reasonable to
expect correlated diffusion behavior between different image vox-
els. In this work, we model spatial-diffusion correlation using the
Partial Separability (PS) model, which results in a low rank repre-
sentation of the image sequence [11]. Based on this, we propose to
model X as [12]

X=UV, (3)

where U € RM*F and V € R¥*? are low rank matrices with
L<@<M.

The second part of the image model is the edge prior. It has been
shown that a sequence of diffusion-weighted images share highly
correlated edge structure, which can effectively be used as a con-
straint for denoising diffusion MRI data [1]. The proposed formula-
tion employs this modeling and uses the following prior, originally
proposed in [1], to enforce the edge constraints

p(X) x exp —)\Z Z L

m=1neQy,

Q
ng [Tmg — an|2 s
q=1

where L(-) is the Huber function, €2, is a neighborhood of the mt

voxel, w, are weights for the edge information from the ¢** image,
and ) is a parameter which determines the smoothing strength. The
expression in (4) spatial-adaptively smoothes the DW images while
preserving edge features by including edge information from all the
images with weights determined by w,. The weights can be assigned
in a specific way to emphasize different diffusion features. In this
work, we choose wg and 2, as described in [1].

2.3. Joint Denoising Formulation

Substituting (2), (3) and (4) into the MAP formulation in (1) yields
the following optimization problem:

UV = apip Z Z Yma +

qg=1m=1

UV)

mq (UV
—log Io (W) +AR(U,V), (5

where the regularization function can be expressed as

— (UV)ug|®

M Q
VI=D > L2 wil(UV)mg
m=1neQ,, q=1

(6)
It has been shown that the regularization term has a line process in-
terpretation which leads to efficient algorithms [1], which we also
use here to obtain a multiplicative half-quadratic approximation al-
gorithm. U and V are estimated in an alternating fashion [12, 17],
and the final estimated image sequence is computed as X = UV.

For fixed V® at the k* iteration, we update U®) by solving

2
U _ mq
arg | min X_; 2 507
Ymg (Uv(k)>
—log Ip 5 ma
o

)

(uv®)

where W is the weighting matrix from the half-quadratic update
and F is a finite difference operator. For fixed U®, the optimiza-
tion problem for solving V&) can be factorized into Q decoupled
problems [13] as

qll2

2
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Due to the Rician likelihood, nonlinear programming needs to be
used to solve the alternating minimization problems. Here we use
the limited-memory Broyden-Fletcher-Goldfarb-Shanno (BFGS)
method [18], which was designed for large scale problems where
the approximated Hessian can not be saved explicitly, to solve for
U™ The standard BFGS method is used for solving each sub-
problem in Eq. (9). We have also derived the explicit expressions
for the gradients of the cost functions, which can be computed effi-
ciently using matrix multiplications. The algorithm is initialized by
applying a singular value decomposition (SVD) on Y and extracting
the first L eigenvectors as initial guesses for U(®) and V¥,
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2.4. Practical Implementation

The noise variance o> can be estimated from the background re-

gions with negligible signal [15]. Notice that when z,,, = 0, the
Rician distribution becomes the Rayleigh distribution with variance
E (yfnq) = 202 [15]. Therefore, 0% can be estimated as half of
the mean square data intensity in the background region. Moreover,
assuming that all DW images have approximately the same noise
level, the accuracy of this estimation can be improved by averaging
o? estimates from all the frames.

The order L of the low rank model was selected empirically by
examining the singular value plot of Y and choosing a proper cut-off
threshold. For the edge constraint prior, we assigned slightly larger
wq for images with higher b-values since these images usually con-
tain more important diffusion information than images with lower
b-values (such as non-diffusion weighted images with b = 0 usually
acquired in a diffusion imaging experiment) [1]. The regularization
parameter A was chosen based on the visual quality of both the de-
noised images and the estimated diffusion parameter maps. Empiri-
cal results suggest that the SNR improvement (by visual inspection)
and the quantification accuracy remain stable within a large range of
A

3. RESULTS

The proposed method has been evaluated using both simulated and
experimental diffusion imaging data. Some representative results are
presented in this section.

3.1. Simulation

DW images were simulated using an adult mouse diffusion tensor
atlas from the Biomedical Informatics Research Network (BIRN)
Data Repository (mimicking the simulation setups in [1]). The im-
age sequence was generated using the DTI model [16] for each im-
age voxel. Forty-eight DW images with 256 X 256 spatial resolu-
tion were generated, including 4 images with zero b-value and 44
images with a b-value 1000s/mm? and different diffusion encod-
ing directions. Independent Rician noise was simulated by adding
white Gaussian noise to the real and imaginary components of the
sequence and then taking the magnitude. The noise standard devia-
tion was chosen as 11—0 of the mean intensity in the center region of
the first image (the image with b = 0).

We applied the proposed method to the simulated data set, and
compared the results with the multi-component non-local means
(MNLM) denoising algorithm [10]. The low rank model order of
the proposed method was L = 8 and the regularization parame-
ter was A = 200. The parameters of the MNLM algorithm were
chosen such that the best quantification results were obtained. Fig-
ure 1 shows one representative image frame, calculated fractional
anisotropy (FA) maps and color-coded FA maps for comparing de-
noising performance. The color represents direction information
from the primary eigenvector of the estimated diffusion tensors. It
can be observed that the proposed method significantly reduces the
noise level both in the DW images and the parameter maps. Figure
2 shows a comparison of quantification results from different meth-
ods. Both the comparison of image quality and the comparison of FA
estimation accuracy (mean errors and standard deviations) further
demonstrate the effectiveness of the proposed method in reducing
noise contamination and maintaining the anisotropy information of
the diffusion tensors.
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Fig. 1. Denoising results for simulated data. The three rows corre-
spond to the DW images, FA maps and color-coded FA maps from
the noiseless images (column 1), noise corrupted images (column
2), images denoised by MNLM algorithm (column 3) and images
denoised by the proposed method (column 4). The color scale is
based on the orientation of the primary eigenvector of the diffusion
tensor: red stands for left-right, green stands for anterior-posterior
and blue stands for superior-interior.

(a) Noisy data (b) MNLM

(c) Proposed
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Std =0.049
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Fig. 2. Plots of the FA estimation errors (true FA value - estimated
FA value) versus the true FA values. The mean and standard de-
viation of the errors corresponding to noisy data, data denoised by
MNLM and data denoised by the proposed method are shown.

3.2. Experimental data

In vivo brain DTI data was acquired with a 3T Siemens scanner
equipped with a 32 channel receive headcoil and using a double
spin-echo EPI sequence (TR/TE=6300/98ms, 128x128 matrix size,
256x256mm? FOV, and 35 slices). The DW images were acquired
at multiple b-values (b=1000, 2000, 3000s/mm2), with 30 diffusion
encoding directions acquired for each b-value. Partial Fourier recon-
struction was applied to each coil as described in [1]. The proposed
method was then applied to denoise the reconstructed images with
L =12 and A\ = 10°. Sum-of-squares was used to combine images
from all the coils for diffusion tensor estimation.

Figure 3 illustrates the performance of the proposed method with



one slice from the data set. Although quantitative improvement can
not be shown due to lack of a gold standard, qualitative improvement
is evident in the denoised images. As can be seen, the proposed
method not only significantly reduces the noise in the DW image,
but also largely recovers the diffusion tensor information originally
corrupted by noise.

Fig. 3. Denoising results for experimental data (one slice). One
representative frame of the noisy DW images (a), the corresponding
denoised image (b), and the color-coded FA maps calculated from
the noisy data (c) and the denoised data (d) are shown. The corre-
sponding results for different b-values (b = 1000 for the first row,
b = 2000 for the second row, b = 3000 for the third row) are shown.

4. CONCLUSIONS

A new method has been proposed for jointly denoising a sequence
of diffusion-weighted magnitude images. The proposed method
formulates the denoising problem as a MAP estimation problem
using Rician signal modeling, low rank modeling and joint edge
constraints. Simulated DTI data and experimental multiple b-value
diffusion weighted imaging data have been used to evaluate the
effectiveness of the proposed method. Qualitative and quantitative
improvements have been demonstrated. We expect the proposed
method to be useful for achieving higher measurement accuracy
and/or reducing data acquisition time for quantitative diffusion MRI
with magnitude data.
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