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ABSTRACT

Linear Minimum Mean Squared Error Estimation (LMMSE)

is a simple, yet powerful denoising technique within MRI.

It is based on the computation of the mean and variance of

the data being filtered according to a noise model assumed,

which is usually accomplished by calculating local moments

over squared neighborhoods. When these neighborhoods are

centered in pixels corresponding to image contours, the es-

timation is not accurate due to the presence of two or more

tissues with different statistical properties. We overcome this

limitation by introducing an anisotropic LMMSE scheme: the

gray levels of each tissue in the MRI volume are modeled as

a Gamma-mixture, such that we can discriminate between the

different matters to construct anisotropic neighborhoods con-

taining only one kind of tissue. The potential of the Gamma

distribution relies on its ability to fit both the Rician distri-

bution traditionally used to model the noise in MRI and the

non-central Chi noise found in modern parallel MRI systems.

Index Terms— LMMSE, MRI, Rician, non-central Chi.

1. INTRODUCTION

Magnetic Resonance Imaging (MRI) is one of the medical

imaging modalities that exhibits the largest Signal to Noise

Ratio (SNR). Even so, noise-induced artifacts in MRI are not

negligible, degrading image quality in both qualitative and

quantitative applications. On one hand, several new acquisi-

tion technologies have appeared lastly, aiming to speed-up the

acquisition of MRI, and to reduce phase distortions originated

by the strong sensitizing gradients used in Diffusion Weighted

Imaging (DWI). These methods are commonly referred to as

Parallel Magnetic Resonance Imaging (pMRI), and are based

on the simultaneous acquisition of different parts of the sub-

sampled k-space by different receiving coils. A well-known
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side effect of this methodology is the worsening of the fi-

nal SNR, which is typically modeled through the g-factor [1].

On the other hand, imaging modalities such as DWI demand

much larger amounts of data compared to anatomical MRI,

and are also noisier. As a consequence, direct procedures for

boosting the SNR in MRI, mainly the averaging of multiple

independent repetitions of the volume, are no longer practical.

Given these concerns, the need for a posteriori denois-

ing schemes have become clear to many authors. Gen-

eral purpose and Gaussian-based filters have been used,

though Rician-adapted techniques have been proven more

adequate for quantitative MRI. They include the conven-

tional approach [2], Rician Maximum Likelihood estima-

tion [3], Expectation-Maximization (EM) [4], wavelets [5],

anisotropic diffusion [6], and Unbiased Non-Local Means [7].

Among these approaches, the LMMSE estimator for Ri-

cian data first described in [8] has shown to outperform the

most common techniques. This method is a classical estima-

tion theory approach: provided we can characterize the ex-

pected value and covariance matrix of both the signal to esti-

mate and the noise, it obtains the best linear estimation (i.e.

that with minimum variance) of the data. These parameters

may be easily inferred from local moments computed as sam-

ple estimates inside image neighborhoods. Besides, the lin-

ear nature of the filter allows a very fast implementation, and

moreover it may be adapted to cope with noise models deviat-

ing from Rician, mainly the non-central Chi (nc-χ) [9], aris-

ing with certain modern machinery and pMRI protocols [1].

An important limitation of LMMSE models relies on the

way the local moments are estimated. For those voxels cor-

responding to image edges, the neighborhoods used typically

comprise several different kinds of tissues. Hence, the value

estimated for the variance is artificially increased due to the

superposition of the effect of noise and the multi-modal dis-

tribution of gray levels corresponding to each matter. As a

consequence, edge voxels are not properly denoised, since the

noisy pattern is mixed-up with the fine details (gradients).

In this work we propose to estimate the probabilistic

response of each tissue by Gamma distributions for pMRI

protocols. These distributions provide a good fitting as was

demonstrated by Patniak in [10]. With this estimation, the

probability of belonging to each tissue class can be obtained

and, thus, the local moments used for the calculation of the
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LMMSE can be derived as the local moments conditioned

to each of the tissues. As a consequence, the estimation

of local variance is not biased by the presence of different

tissues because only those pixels belonging to each tissue

class contribute to the calculation of moments resulting in an

anisotropic denoising. Results demonstrate that this approach

outperforms isotropic LMMSE methods [9].

2. METHODS

2.1. Background

In the case of multiple-coil acquisition, the composite mag-

nitude image can be obtained using Sums of Squares (SoS)

as ML =
√∑L

l=1 |Sl|2, where each coil signal is mod-

eled as Sl = Al + Nl(σ
2
n) where Nl is a complex Gaus-

sian process with zero mean and variance σ2
n. Defining

AT =
√∑L

l=1 |Al|2 and assuming the noise components are

independent and identically distributed (IID), the magnitude

signal ML follows a nc-χ distribution [9]. When the square

of the magnitude signal is considered, M2
L, the PDF trivially

becomes a nc-χ square distribution (nc-χ2).
The LMMSE filter in [8] and the extended version of [9]

rely on the following expression:

Â2
T = E{A2

T }+CA2
T
M2

L
C−1

M2
L
M2

L
(M2

L − E{M2
L}}) (1)

where CM2
LM2

L
is the covariance of M2

L and CA2
TM2

L
is the

cross-covariance. The Characteristic function of a nc-χ2 is:

ϕM2
L
(t) = E{eitM2

L} =
1

(1− 2itσ2
n)

L
e

iA2
T t

1−2itσ2
n (2)

Note that this result gives rise to a Gamma distribution in the

absence of the original signal (AT = 0). The PDF, fX , and

Characteristic function, ϕX , of a Gamma distributed random

variable, X , of parameters α and β are:

fX(x|α, β) = xα−1

βαΓ(α)
e−

x
β u(x), ϕX(t) =

1

(1− iβt)α

(3)

where α, β > 0; Γ(x) is the Euler Gamma function.

This result was noticed by Patniak in [10], where the ap-

proximation of nc-χ2 by a Gamma distribution, was firstly

proposed. As an example, in Fig. 1.a the Gamma PDF ap-

proximation is depicted for a set of synthetic images of size

512 × 512 obtained by SoS with incremental AT ∈ [0, 100],
number of coils L = 8, and σn = 20. Note that the theoret-

ical PDF of the nc-χ2 and the Gamma approach are almost

indistinguishable and both follow the empirical PDF of M2
L.

This result shows the potential of the Gamma distribution

for fitting the response of both the Rician distributed noise

traditionally used to model conventional MRI and nc-χ dis-

tributed noise found in modern parallel MRI systems. We

propose to estimate the probabilistic response of each tissue
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Fig. 1. (a) M2
L PDF for AT ∈ [0, 100], L = 8, and σn = 20.

(b) Empirical PDF of a pMRI T1 image (L = 8 and σn = 70)

and the proposed GMM for 5 elements in the mixture.

by a Gamma distributions. This way, the local moments re-

quired for the LMMSE can be calculated as the local moments

conditioned to each of the tissues. In order to find the distri-

butions of different tissues of the image, a Gamma mixture

model is proposed and explained in the next section.

2.2. Gamma Mixture Model

The mixture of Gamma distributions (GMM) is calculated

by means the EM algorithm [4] in the following way1: Let

X = {xi}, 1 ≤ i ≤ N be a IID set of samples (pixel in-

tensities of M2
L). The GMM considers that these variables

result from the contributions of J distributions: p(xi|Θ) =∑J
j=1 πjfX(xi|Θj), where Θ is a vector of the parameters of

the GMM (πj ,Θj) and Θj are the parameters of the PDF, αj

and βj and
∑J

j=1 πj = 1 .

The method is applied in the following way:

1. A first estimate of the hidden variables is obtained by

k-means. For each cluster,j parameters Θ
(0)
j and π̂

(0)
j ,

are calculated from samples.

2. Bayesian Inference Step. Calculate γi,j as:

p(Zi = j|xi,Θ(n)) = γi,j =
π
(n)
j p(xi|Θ(n)

j )

p(xi|Θ(n))
, (4)

3. Expectation-Maximization Step. The estimate for α̂j ,

β̂j and π̂j are calculated by the following equations:

log(α̂j)− ψ(α̂j) = log

(∑N
i γi,jxi∑N
i γi,j

)
−
∑N

i γi,j log xi∑N
i γi,j

(5)

π̂j =
1

N

N∑
i=1

γi,j , β̂j =
1

α̂j

∑N
i=1 γi,jxi∑N
i=1 γi,j

(6)

4. Go to step 2 until ||Θ(n) −Θ(n−1)|| < Tolerance

As an example of the GMM, in Fig. 1.b the GMM is fitted

to a pMRI T1 of Fig. 3 acquired with L = 8 and σn = 70 and

the proposed GMM for 5 elements in the mixture.

1This method maximizes the log-likelihood function when some hidden

discrete random variables (RVs), Z = {Zi}, are introduced to the model.

These RVs take values in {1, · · · , J}, their meaning is that the sample xi

belongs to the distributions class j when Zi = j.
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2.3. Anisotropic-LMMSE

In [9] it is shown that for uncorrelated and independent Gaus-

sian noises the variance and covariance terms, CM2
L,M2

L
and

CA2
T ,M2

L
can be calculated as:

CM2
L,M2

L
= E{M4

L} − E{M2
L}2 (7)

CA2
T ,M2

L
= E{A4

T }+ 2Lσ2
nE{A2

T } − E{A2
T }E{M2

L} (8)

where the 2nd and 4th moments of AT can be derived by the
calculation of the same order moments of M2

L which is a nc-
χ2 distribution:

E{A4
T } = E{M4

L}−4(E{M2
L}−2σ2

n)(L+1)σ2
n−4L(L+1)σ4

n

(9)

E{A2
T } = E{M2

L} − 2Lσ2
n (10)

These moments can be calculated by assuming local ergodic-

ity as was done in [8, 9]. Hence, the expectation, E{·} can be

replaced by local spatial mean, 〈·〉, calculated in a neighbor-

hood. Now, the LMMSE can be calculated just as a function

of the local moments of M2
L,

〈
M2

L

〉
and

〈
M4

L

〉
.

The calculation of the components for the mixture model

provides important information related to the probability of

belonging to each tissue class. This information can be taken

into account by calculating the conditioned mean for each tis-

sue class in the local neighborhood, η(x, y). When the mo-

ments are calculated in this way, only those pixels belonging

to each tissue class contribute to the estimate of each local

moment, resulting in a more accurate estimate of local mo-

ments. This result can be considered as a non isotropic way

to calculate the local moments since each pixel is not equally

treated when the local moments are calculated.
By introducing the probability of belonging to each tissue

class in the calculation of the local moments, they are calcu-
lated as:〈

M2
L(x, y)

〉
=

J∑
j=1

P (Z = j)
〈
M2

L(x, y)|Z = j
〉

(11)

where the local moment for each class is:

〈
M2

L|Z = j
〉
=

∑
(x′,y′)∈η(x,y)

M2
L(x

′, y′)p(Z(x′, y′) = j|M2
L,Θ

(n))∑
(x′,y′)∈η(x,y)

p(Z(x′, y′) = j|M2
L,Θ

(n))

(12)

with

p(Z(x′, y′) = j|M2
L,Θ

(n)) =
πj · p(M2

L|Θ(n)
j )

p(M2
L|Θ(n))

(13)

The weight P (Z = j), is the probability of belonging
to the j-th tissue class for the neighborhood of (x, y) and is
calculated as:

P (Z(x, y) = j) =

∏
(x′,y′)∈η(x,y)

p(Z(x′, y′) = j|M2
L,Θ

(n))

J∑
j=1

∏
(x′,y′)∈η(x,y)

p(Z(x′, y′) = j|M2
L,Θ

(n))

(14)

Fig. 2. (a) Noisy (SNR=15db) (b) nc-χ LMMSE (c) Proposed

3. RESULTS

For the sake of validation, two experiments are considered to

test the performance of the anisotropic LMMSE in compar-

ison to the isotropic nc-χ LMMSE [9]. In the first one, 3D

synthetic T1 and T2 images from BrainWeb MR [11] with

intensity values in [0 − 255] and 1 mm Slice thickness were

considered. A simulation of 8-coil system was performed for

an increasing σn ∈ [10, 100] in each coil [1]. The image was

reconstructed by using SoS. A neighborhood of 5× 5× 5 for

both the proposed and the nc-χ LMMSE filter in [9] was used.

The number of elements in the GMM was 5.

Results for the experiment are shown in Fig. 3, in the

top row, the T1 image is shown as well as the noisy image

(Fig. 3.b) for σn = 70. The denoised image obtained by the

isotropic nc-χ LMMSE is shown in Fig. 3.c. Note that this

filter retains noise in regions with the presence of several tis-

sues. the proposed method is shown in Fig. 3.d where the

better performance in areas with more than one tissue can be

appreciated at first sight. An analogous conclusion can be ob-

tained for T2 images represented in the lower row of Fig. 3.

The quantitative evaluation was performed using the mean

squared error (MSE) and the mean structural similarity2

(MSSIM) [12]. Twenty independent trials were considered

for each value of σn. The mean of both measures is repre-

sented in columns Fig. 3.e-f for T1 and T2.

Though the proposed method outperforms the isotropic

one for both measures, for the MSE both methods do not ex-

hibit a big difference. This is so because homogeneous areas

are equally treated by both methods and pixels in the edge of

different tissues are not explicitly reflected by the MSE. Nev-

ertheless, for the MSSIM measure, the better performance of

the anisotropic filter becomes evident as we increase σn. This

result confirms the ability for detecting the structures of the

image leading to a better estimate of local moments and, thus,

2This gives a similarity value in [0, 1].
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Fig. 3. Quantitative comparison with synthetic T1 (first row) and T2 (second row) for increasing σn.

overcoming the main problem of LMMSE methods.

For the second experiment, a 15 gradients DWI phantom

presented in [13] was considered. A simulation of 8-coil sys-

tem was performed for a SNR=15 dB. In Fig. 2 the fractional

anisotropy colored by orientation is represented. The zoomed

area shows a better definition of areas with different orienta-

tions. Quantitatively, the MSE was calculated for the mean

FA; noisy: 0.0271, nc-χ LMMSE: 0.0124, and the proposed:

0.0055. Additionally, the MSE of the trace of the diffusion

tensor gives the following results; noisy: 7.38 · 10−6, nc-χ
LMMSE: 8.23·10−7, and the proposed: 5.7·10−7. Both mea-

sures show the better performance of the proposed method for

the calculation of the diffusion tensor.

4. CONCLUSIONS

An anisotropic LMMSE method is proposed. The anisotropy

is achieved by applying statistical models to the tissues based

on a GMM model. This mixture have proved to properly fit

the probabilistic behavior of noise in conventional MRI (Ri-

cian) and pMRI (nc-χ). Experiments have shown that the in-

clusion of statistical models lead to a better estimate of local

moments by considering the local moments conditioned to the

probability of belonging to each tissue class.
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