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ABSTRACT

Biological tissue characterization requires adequate models of

the data. Research in ultrasound image modeling has mainly

focused on statistical methods. Some authors have addressed

the fractal properties of such images using fractional Brown-

ian motion model. However, recent studies have shown that

skin ultrasound signals have multifractal properties. This pa-

per proposes a lognormal multiplicative cascade model to ex-

plain this multi-fractality. Experimental results on real im-

ages show the validity of the model supported by excellent KS

tests. The parameters of the model are proposed as indicators

to characterize underlying tissues. Successful application to

distinguish melanoma from healthy dermis is presented.

Index Terms— Multiplicative cascade, lognormal distri-

bution, ultrasound images, multifractal analysis, skin charac-

terization.

1. INTRODUCTION

Diagnosing skin lesions is mainly based on visual surface

examination. Gold standard is provided by anatomopatholog-

ical analysis. Current practices lead to large numbers (80%)

of unnecessary surgery. Analyzing in-vivo ultrasound images

allows reducing this percentage. This requires robust auto-

matic segmentation and characterization tools. Ultrasound

signals backscattered from biological tissues are usually de-

scribed by the point scattering model. This model states that

tissues are homogeneous media with randomly distributed

micro-structures, named scatterers, that cause backscatter-

ing. The scatterers cannot be resolved individually in a

single resolution cell leading to interference in backscattered

echoes that result in the phenomenon called speckle. Based

on this model, various research works proposed statistical

distributions to describe radiofrequency (RF) signals and

their envelop [1, 2, 3]. Tissue characterization is achieved

by linking statistical parameters with scatterers properties,

such as density and size. Recently in [4], authors proposed

a generalized Rayleigh model for skin ultrasound images

and showed that scatterers have power law statistics. Frac-

tal analysis has become a classic technique to model scale

invariance of signals. Fractal parameters are often used to
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classify textures [5]. Other authors proposed stochastic mod-

els to represent images. Chainais [6] presented a multifractal

model for ultraviolet images of the sun and used it to simu-

late images of arbitrary resolution. Guyot et al. studied the

relationship between fractional Brownian motion (fBm) and

optical speckle fields [8] and proposed fractal characteriza-

tion of skin psoriasis. In ultrasound images, fractal modeling

is usually based on fBm [7]. The Holder exponent is used to

evaluate the statistical complexity of structures. Chen et al

[9] used fractal dimension estimated from an fBm to study

breast lesions in ultrasound images. They proposed an un-

supervised method to classify malignant and benign tumors.

Other works assessed the potential of fractal dimension for

tissue characterization [10, 11]. More recent work has shown

that skin ultrasound images have multifractal properties that

better capture the complexity of their structures [12]. This

paper presents a lognormal multiplicative cascade model for

skin ultrasound images that explains the empirically estab-

lished multifractality. Parameters of this model are shown to

discriminate melanoma and healthy dermis.

2. PROBLEM STATEMENT

Let x(t) be a radio-frequency ultrasound signal backscattered

from the skin. Let y(t) be its Hilbert transform. The B-mode

echographic image u(t) is the envelop of the analytic signal:

u(t) = |x(t) + jy(t)| (1)

It is widely accepted that x(t) derives from the point scatter-

ing model. Assuming that the diffusion function p(t) is iden-

tical in all points and that there is no multiple scattering, x(t)
can be considered as the sum of random echoes backscattered

by N scattering points, proportionally to their size:

x(t) =
∑

aip(t− τi) (2)

where ai is the cross-section of the ith scatterer and τi its

position. Assuming that N is large and ai are i.i.d random

variables, by applying the central limit theorem, x(t) can be

written as the product of the reflectivity and a multiplicative

noise:

x(t) = n(t)
√

v(t) (3)

n(t) is called fully developed speckle. If scatterers are i.i.d

and uniformly distributed, x(t) is Gaussian, x(t) ∼ N(0, σ2),
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and the reflectivity is constant, v(t) = σ2. In this case, the

envelop u(t) follows a Rayleigh distribution:

u(t) ∼ P (u) =
u

2σ2
exp(− u

2σ2
) (4)

This flexible framework has often been used to analyse ultra-

sound images given the linearity of the Gaussian model and

its invariance by convolution. In this context, Guyot et al. [8]

proposed to model the speckle of skin optical images using

a fractional Brownian motion. The authors used the Holder

exponent and the saturation of variance to characterize tis-

sues. However, similarly to ultrasound images, speckle of op-

tical images have a Rayleigh distribution. In addition, several

works have shown that RF ultrasound signals are non Gaus-

sian and presents heavy tailed statistics [4]. The fBm model is

therefore inappropriate to describe the fractality of these im-

ages. Simultaneously, in [12], the authors showed empirically

that skin ultrasound B-mode images have multifractal proper-

ties. In this paper, we propose a stochastic model to represent

the speckle of the skin. This model provides multifractal in-

dicators to characterize skin tissues, such as melanoma and

dermis.

3. PROPOSED MODEL

3.1. Lognormal Cascade
Multiplicative cascades of Mandelbrot [13] are a family of

multifractal processes proposed to explicate scale invari-

ance. Their iterative construction is based on a dyadic grid

[xj,k = ((k + 1/2)2−j , 2−j)], j ∈ N , k ∈ N and random

multipliers Wi,j > 0 associated to the grid nodes (xj,k, rj,k)
located at the resolution rj,k. For scales in the range ]0, 1],
the result Qr(x) of the cascade at the resolution r > 0 can be

written [5]:

Qr(x) =
∏

j=1...J,k:t∈[2jk,2j(k+1)]

Wj,k (5)

where r = 2−J after J iterations. In this work, we propose to

model speckle in B-mode ultrasound images of skin as a mul-

tiplicative cascade with multipliers Wjk distributed as lognor-

mal:

fWjk
(x;μ, σ) =

1

xσ
√
2π

exp((− log2(x)− μ

2σ
)2) (6)

where μ et σ are the mean and standard deviation of the log

of multipliers. This choice is justified, on one hand, by the

fact that the scaling law exponents of the lognormal cascade

can be expressed as the sum of two terms:

ζ(q) = qH + τ(q) (7)

where q is the order of the statistical moments and τ(q) is a

concave non-linear function defined by:

τ(q) =
σ2

2
q2 − μq; τ(0) = τ(1) = 0 (8)

The parameter H represents the linear trend of ζ(q). The mul-

tifractal nature of the image will be governed by τ(q), and

precisely by the parameters μ and σ. The second argument in

choosing lognormal multipliers is the existence of an analyti-

cal expression of the multifractal spectrum:

D(h) = −
h+ μ

log(2)

2σ2

log(2)

(9)

where h is the Holder exponent. Another advantage of this

model is the direct interpretation of the parameters μ et σ in

relation to the spectrum. Precisely, μ is its scale parameter

and σ a shape parameter. These two parameters are sufficient

in describing the mode of the spectrum, which is the most in-

teresting aspect of the multifractal analysis. Finally, we note

that the lognormal law is more adequate to the heavy tailed

nature of the statistics of ultrasound than Gaussian or expo-

nential laws.

3.2. Parameter estimation
In order to estimate the parameters of the model, we perform

a multifractal analysis following the wavelet transform max-

ima method [12, 5]. Let Tu(a, t) be the maximum wavelet

coefficients describing the image u(t) at a location t and an

analysis scale a. We define the structure functions for an order

q, Sq(j):

Sq(j) =
1

Nj

Nj∑
i=1

|Tu(a, t)|q (10)

Here, Nj denotes the number of Tu(a, t) available at scale 2j

and −2 ≤ q ≤ 2. The scaling law exponents ζ(q) are esti-

mated, from the data, so that Sq(j) have power law behavior:

Sq(j) ∝ 2jζ(q) (11)

The estimators of these exponents are given by:

ζ̂(q) = lim inf
j−→0

ln
Sq(j)

j
(12)

The singularity spectrum can subsequently be obtained by

Legendre transformation of the estimated exponents:

D̂(h) = min
q �=0

(1 + qh− ζ̂(q)) (13)

The Holder exponents h are estimated as follows:

ĥ(q) =
dζ(q)

dq
(14)

Finally, the parameters μ et σ are estimated from the spectrum

as:

μ = h(q = 0) ∗ log(2) (15)

σ2 = (h(qmax − h(qmin) ∗ log(2) (16)
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4. EXPERIMENTATION

Several experiments have been conducted to evaluate the

performance of the lognormal cascade to represent skin ul-

trasound images. The corpus of images was acquired with

an ATYS Dermcup 3D system having a single-element focal-

ized 25 MHz probe sampled at 100 MHz (Fig. 1). Images

have been annotated by clinicians to roughly indicate the

melanoma and the borders of skin layers.

Fig. 1. Ultrasound image from the corpus with a region of interest.

4.1. Lognormal goodness of fit
The first experiment concerned the goodness of fit of the log-

normal distribution to the data histogram (Fig. 2). In order to

emphasize the fit of the tail, figure 2.b shows a zoom on the

tail of the density function. To assess the relevance, Gaussian,

log Gamma and alpha-stable laws have been added. We no-

tice that the histogram has a heavy tail which is correctly fitted

by the lognormal law; although alpha-stable gives a better fit.

4.2. Performance of the cascade model
Another series of experiments have been conducted to eval-

uate the performance of the cascade model to fit multifractal

properties of the data. Figure 3.a shows the scaling laws func-

tion ζ(q) for lognormal, log Gamma, linear stable motion, and

the exponents obtained from the multifractal analysis. Figure

3.b shows the multifractal spectrum D(h) estimated for the

three models and the empirical spectrum. We notice in both

figures that the lognormal cascade fits better the multifractal

properties of the data, particularly at the mode. We evaluated

quantitatively the goodness of fit using Kolmogorov-Smirnov

(KS) test. Figure 4 presents the results. These confirm the

better fit of the lognormal cascade.

(a) (b)

Fig. 2. Fit of distributions to data: (a) log nomal .(b)Zoom on the

tail.

(a) (b)

Fig. 3. (a)Scaling law exponents. (b)spectrum for different cas-

cades.

(a) (b)

Fig. 4. KS tests (1.Log normal,2.Linear stable motion,3.Log

gamma): a)scaling law exponents, b)spectrum.

4.3. Multifractal characterization of melanoma
The proposed model allows describing tissues using a pa-

rameter vector robust to speckle and easy to interpret. In

order to establish the ability of the parameters to discrim-

inate tissues, we compared their values for healthy dermis

and melanoma. Figure 5.a shows the scaling law exponents

ζ(q) for the dermis and the melanoma. The multifractal spec-

trum D(h) are presented in figure 5.b. We notice that both

exponents and spectrum are clearly distinct for the two tis-

sues. Table 1 illustrates the estimated parameters (μ, σ2) for

the lognormal model for several images. It appears that the

melanoma, which has a high contrast, gives a small μ and

σ. Inversely, μ is higher for the dermis. Although the esti-

(a) (b)

Fig. 5. (a)Scaling law exponents ζ(q). (b)spectrum D(h) for der-

mis and melanoma
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mation of the parameters is not invariant by rotation, due to

the discrete wavelet transformation, in our case these param-

eters are robust to rotation. This is due to the fact that ul-

trasound images are vertical slices of the tissue. The layered

structure of the skin gives similarly structured images what-

ever their orientation is, as long as the probe is normal to the

surface. We have also evaluated the precision and the power

Dermis Melanoma

Images μ σ2 μ σ2

1 0.4359 0.2439 0.2486 0.1542

2 0.3787 0.2965 0.2685 0.1982

3 0.4043 0.2159 0.1603 0.1739

4 0.3825 0.2647 0.2687 0.1343

5 0.3950 0.2099 0.2387 0.1697

6 0.3843 0.2353 0.2070 0.1821

7 0.3871 0.2289 0.2761 0.1958

8 0.3908 0.2238 0.2377 0.1549

Table 1. Estimated parameters μ and σ .

[14] of the estimators for different values for the risk thresh-

old α ∈ {0.05, 0.1, 0.025}. Precision has been evaluated by

the degree of significance αs and power by the β test. Table

2 shows the results. Notice that low αs and high β indicate

respectively better precision and power.

5. CONCLUSION

In this paper we proposed a multiplicative lognormal cascade

to represent ultrasound images of human skin. This model

generalizes the classic fractional Brownian motion model

usually used for these images. The proposed model is based

on lognormal multipliers that bring different advantages,

namely the existence of analytic expression of the multifrac-

tal spectrum, the quadratic form of the function of scaling

laws, and the existence of two simple parameters that has

direct interpretation. We presented estimators for the parame-

ters using multifractal analysis using wavelet leaders. Several

experiments, on real in-vivo images, have been presented to

validate and evaluate the model. The lognormal law has been

fitted to the data. The function of scaling laws and the spec-

trum of the model have been fitted to those of the empirical

Percentil Normal

α 0.05 0.15 0.25 0.05 0.15 0.25

Dermis 0.05 0.11 0.20 0.03 0.12 0.21

(α, β) 0.76 0.89 0.84 0.89 0.81 0.88

Melanoma 0.04 0.10 0.18 0.04 0.11 0.23

(α, β) 0.62 0.56 0.77 0.85 0.89 0.76

Table 2. Precision and power of the estimators.

data and compared with other multiplicative cascades. The

KS test gave an excellent goodness of fit. We proposed to

characterize skin tissues using the pair of parameters of the

model. This parameter vector has proven efficient in discrim-

inating melanoma from healthy dermis. Future work aims at

developing a segmentation method based on this model.
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