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ABSTRACT

Recent work has revealed that, contrary to expectations, the pro-
tein machineries responsible for regulating cellular polarity in fission
yeast cells localises cortically to the semi-spherical tips of each cell
as punctual structures. To quantify this discovery and try and rec-
oncile it with previous findings, a statistical co-localisation frame-
work is set up. We use spatial statistics to analyse collections of
punctual objects detected from deconvolved wide-field fluorescence
microscopy images as point patterns from their respective spatial
point processes. The theory is described for spherical data, as the
structures of interest reside on a half-sphere in 3D. Uses include test
of complete independence with Monte-Carlo hypothesis testing and
comparison between pairs of point collections using bootstrap hy-
pothesis testing. Evaluation on simulated data are performed on top
of the targeted biological studies.

Index Terms— Fluorescence microscopy, Co-localisation, Spa-
tial Statistics, Schizosaccharomyces pombe, Cell biology, Cell Po-
larity, Fission yeast

1. INTRODUCTION

Cell polarity refers to the capacity of cells to behave in an anisotropic
and spatially differentiated manner. It is a fundamental cell process
and its understanding is crucial in a number of biomedical applica-
tions. The unicellular fission yeast S. pombe is a perfect model or-
ganism to study polarity as its cells grow cylindrically-shaped from
their tips in a highly polarised manner. Polarity factors, the proteins
involved in regulating polarity, are known to localize to the cell cor-
tex at the tips of cells and have traditionally been thought to do so
in a mostly homogeneous manner (Fig 1). Unexpectedly, our recent
work imaging the areas of cell polarity ’head-on’ (frontally) [1] re-
vealed a striking spatial organization of polarity factors in punctual
(’node’) structures (Fig 1 right). Moreover, by simultaneously imag-
ing pairs of polarity factors, we have found that some pairs thought
to be part of a same complex may have a more complicated spatial
relationship (Fig 2, left). This work concerns itself with the devel-
opment of a well defined framework allowing for the study of the
co-localisation of those pairs of polarity factors at fission yeast cell
tips.

Fluorescence co-localisation, i.e. the spatial relationship be-
tween two proteins expressed in cells as seen by fluorescence imag-
ing, has been the focus of much work since the onset of two colour
fluorescence microscopy. Object based co-localisation techniques,
describing the co-localisation of punctual or localised structures, clas-
sically include the computation of various metrics [2], such as over-
lapping area, proximity based ratio, etc. However, in part because of
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Fig. 1. A S. pombe cell expressing a polarity factor fused to Green

Fluorescent Protein (GFP), imaged sideways (left) and ’head on’

(right)

the variety of experimental protocols and biological questions they
aim to answer, co-localisation still is a study dependent problem.

Point processes can be defined informally as random point pat-
tern generators. Their study is initially tied to ecological data studies
that have focused on the spatial distribution of species of animals or
plants. The theoretical foundation of spatial statistics, linking point
processes to measure theory, is well defined and consists now of a
collection of tools adapted to the study of fluorescence microscopy
images [3]. These methods have been previously applied to biolog-
ical problems [4, 5, 6], including the study of signalling receptor
spatial distribution [7], and recently the use of models to study spa-
tial interaction [8] . Given the increased expressivity of point process
models and the availability of a large array of statistical tools, spa-
tial statistics are a good candidate for an object-based co-localisation
framework grounded in theory.

The data of interest lives at the cell tip cortex, which is in first
approximation a semi-spherical surface. In the first two sections we
will develop and adapt the necessary point process theory for that
particular case, adjusting for spherical coordinates and geodesic dis-
tance. The last two sections will be devoted to answering the two
questions we are interested in. First whether two node populations
are significantly correlated in space, using Monte-Carlo hypothesis
testing. Secondly how to quantify the relative co-localisation of two
pairs of protein nodes, using bootstrap to evaluate the variability
within each dataset and assess whether they are significantly differ-
ent. Additional evaluation is provided by fully artificially simulated
point patterns with controlled known spatial correlation.

2. SPHERICAL POINT PATTERNS OF PROTEINS IN 3D

Point patterns and point processes A point pattern P in a window
W is simply a collection of points Xi, i = 1 . . . n in W. A spatial
point process is a random point pattern. A rigorous presentation of
the point process theory is out of the scope of this paper but can be
found in [3] and references therein. For our purpose, we will define
a point process as a random counting measure on bounded sets.

Definition 1 (Point process). A point process in a space S is de-
fined by a random counting measure N , i.e. a collection of random
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variables N(B) for all bounded set B ⊂ S such that N(B) is a
nonnegative finite integer.

The idea is not to randomly draw points, but to equivalently ran-
domly draw the number of points present in any possible set. One of
the simplest examples of a point process is the spatial Poisson pro-
cess, which we will use later to define spatially independent point
patterns.

Definition 2 (Inhomogeneous Poisson Process). The inhomogeneous
Poisson process on R

2 with density λ, Pλ, is a point process such
that:

• for any bounded compact set B ∈ R
2, N(B) is Poisson dis-

tributed with mean
∫
B
λdS

• if B1 . . . Bm are disjoint bounded sets in R
2 then the point

counts N(B1) . . . N(Bm) are independent

If the density λ is uniform, we simply have that the average point

count is N̂(B) = λ×area(B). It can then be shown that the Poisson
process is equivalent to the intuitive random point process obtained
by drawing points with a uniform probability on their coordinates.

Point process on a sphere While these definitions are generic,
some care needs to be taken when dealing with actual data on a
sphere. Indeed classical spherical coordinates, which for a half sphere
amount to the radius r, the latitude θ ∈ [0 . . . π/2] and the longitude
φ ∈ [0 . . . 2π], are biased, i.e. the area of a surface element d2S
depends on its position on the sphere.

Proposition 1. The area of a surface element d2S is unbiased with
respect to the modified coordinates u, φ, with u = cos(θ).

The surface element is d2S = r2 sin(θ)dθdφ, which is depen-
dent on θ. We have dudφ = sin(θ)dθdφ. Thus d2S = r2dudφ is
independent of the position on a sphere of given radius. �

Hence defining a uniform Poisson process in u, φ will indeed
result in uniformly scattered points on a sphere, and consequently an
inhomogeneous Poisson process defined with densities in u, φ will
work as expected. From here on, only point patterns in u, φ will be
considered; we will now see how our experimental data of interest
can be expressed in that framework.

From images to point patterns Two polarity factor proteins of
interest were tagged with GFP and mCherry (green-fluorescent and
red-fluorescent fluorophores, respectively) and endogenously expressed
in a S. pombe cell strain. Two-colour fluorescence images of cell tips
were imaged in 3D (x,y,z) using an OMX wide-field epifluorescence
microscope (Applied Precision, Issaquah), and image stacks were
systematically deconvolved. A 4.5 × 4.5μm square was manually
cropped around each cell tip of interest, resulting in 57 × 57 × 17
pixel 3D volumes. Object detection was performed using wavelet
thresholding [9], implemented in the ICY open source platform [10],
giving us two sets of (x,y,z) coordinates of the detected nodes, one in
each colour. Let us call, for a given experiment, Ti = (T g

i , T
r
i ) i =

1 . . . n the coordinates of the green and red nodes detected respec-
tively for the n cell tips. Those coordinates were imported in the
R statistical environment where the rest of the computations were
carried out, using in particular the SpatStat package [11].

The θ, φ coordinates, and hence u, φ coordinates, were obtained
for each cell tip Ti by fitting a half-sphere on each collection of
points and projecting them on it individually (Fig. 2, right). Each
protein can be modelled by a inhomogeneous Poisson process in u, φ
space, with the individual density estimated using kernel density es-
timation. Kernel size is preset and kept constant. (Fig 3).

To evaluate the proposed algorithms, we simulated point pat-
terns of predictable spatial correlations. A first channel was drawn
randomly with the second channel being generated based on the first.
The first channel was drown from an inhomogeneous Poisson pro-
cess in u, φ space, modelled after one particular protein. The points
of the second channel were the points of the first, randomly moved
by one step of a diffusion process of set diffusion constant σ around
their original location.

Fig. 2. (left) Two-colour cell tip showing two polarity factors. (right)

Detected points in 3D (red and green) and the fitted sphere (gray)

Fig. 3. (above) A point pattern shown in cos(θ), φ coordinates.

(below) Computed densities via kernel density estimation

Fig. 4. Correlation in randomly generated point patterns of various

known correlations, parametrised by a set diffusion constant

3. SUMMARY STATISTICS ON A SPHERE

Summary statistics using geodesics The use of summary statistics
to study point patterns is well established and a number of them
have been proposed [3, 11]. We will only consider here summary
statistics across channels. The best used is the K function, it seemed
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however not well suited to our dataset as it had a tendency to di-
verge on individual tips. We will use instead the so-called G func-
tion, the cumulative distribution of the distance to the nearest neigh-
bour. As a rigorous definition, involving conditional probabilities
on point processes, is outside the scope of this paper, we will pose
GX(r) = P{d(x,Xg) < r|x ∈ Xr}, with d(x,X) the distance be-
tween a point x and the point of the point pattern X nearest to it.
Replicated point patterns, i.e. several experimental point patterns
corresponding to the same data, have been relatively less studied
than single point patterns. Here, we will pull the various point pat-
terns together and compute G as

GX(r) = P{d(x,Xg
i ) < r|i ∈ [1 . . . n] x ∈ Xr

i }.
The empirical nearest neighbour distance distribution, defined as
G(r) = 1

|∑ Xr
i |

∑
i

∑
xj∈Xr

i
�{d(xj ,Xg

i < r} is a biased estimator

of G because of edge effects. An edge corrected estimator, provided
by Spatstat, is used in practice.

An adaptation to spherical data involves replacing the Euclid-
ian distance with geodesics on the sphere. In u, φ (or, equivalently
for distances, θ, φ) coordinates, the geodesic distance is d(xi, xj) =
arccos(sin(θ1) sin(θ2) cos(φ1 − φ2) + cos(θ1) cos(θ2)). Thus, a
spherical GX is defined by replacing the distance in the above defini-
tion. Let us note that, as GX is defined using the nearest neighbours,
any distance that conserves neighbour order would be equivalent; the
Euclidian distance in 3D could have been used as well.

Use on real data GX is first evaluated on the simulated data
(Fig 4, multicolour curves). As expected, the curves are steeper and
steeper as the two point patterns are more correlated. Fig 5 shows
in black the experimental results on five pairs of proteins. For sim-
plicity and confidentiality, they will be named P1 through P6. The
results are varied and seem to span the whole range of possible cor-
relations, from very high correlation of P1-P2 and P1-P3 to very
low correlation of P1-P6. However, drawing any kind of conclusion
seems problematic without a reference.

4. MONTE-CARLO HYPOTHESIS TESTING OF SPATIAL
INDEPENDENCE

To test for independence between the point patterns of the two chan-
nels, Monte-Carlo simulations will be used.

Theory The null hypothesis is ”H0: the point patterns of the two
channels are statistically independent”. The idea of Monte-Carlo
hypothesis testing is to use simulations of data following the null
hypothesis to compute its distribution. Here, uncorrelated data will
be simulated by independently drawing two populations of points
according to two inhomogeneous Poisson processes.

Specifically, let Ti = (T g
i , T

r
i ), i = 1 . . . n be the u, φ coor-

dinates of the detected points of a two colour experiment in n cell
tips. The per channel density of points λi = (λg

i , λ
r
i ), i = 1 . . . n

is computed using kernel density estimation. The null hypothesis
for that dataset is then modelled by the collection of point processes
Pi = (Pλ

g
i
,Pλr

i
), i = 1 . . . n. A first set of m collections of point

patterns are generated according to those point processes and their
summary statistic GX is evaluated to estimate the average Gavg for
uncorrelated point patterns for that dataset. A second set Xi, i =
1 . . .m of m collections of n point patterns are then generated, and
their summary statistic curves Gi, i = 1 . . .m are used to compute
gmax = maxi maxr |Gavg −GXi |.

We then say that an experimental collection of point patterns
Ti, i = 1 . . . n, assumed to be independent and identically dis-
tributed from the same point process do not follow H0 if, for any

r, GT (r) is outside of the range [Gavg + gmax, Gavg − gmax].
Several polarity factors complexes coexist at the tip The re-

sults on the five protein pairs of interest are shown Fig. 5. We see
that P1-P6 are essentially uncorrelated in space at the cell tip, which
is expected as they are quite distant in terms of cell function. For
the 4 other couples, the observed curve statistic falls outside the grey
area, hence they all are spatially correlated.

P1-P2 and P1-P3 are very correlated (the experimental curve is
far from random), and correspondingly a lot of actual co-alignment
of the nodes can be seen. This is expected as both of those proteins
have been shown to interact with P1 and depend on it for their locali-
sation. The correlation of the two other pairs P1-P4 and P1-P5 seems
weaker, i.e. the observed statistic seems closer to randomness; corre-
spondingly, in the images the nodes do not seem to actually co-align
with one another. P1 and P4 have been shown to interact and to be
co-dependent for their localisation. P1 and P5 have not been shown
to interact with one another, but P5 depend on P1 for its localisation
and they both interact with P3.

The fact that node populations can be closer together than true
randomness would allow, but without being actually on top of one
another, would suggest a more complex spatio-temporal mechanism,
that could include unseen partners or partial or dynamical interac-
tions. Those comparisons are still quite qualitative however and a
quantitative way to compare the spatial correlation of two protein
pairs is needed.

5. COMPARING POINT PATTERNS USING BOOTSTRAP
HYPOTHESIS TESTING

Comparing comparable point patterns The first point to clarify is
whether two point patterns are comparable, as the function G used
for comparison is obviously very dependent on number and density
of points.

Definition 3 (Comparable point patterns). Two pairs of point pat-
terns (T 1

i )i=1...n1 and (T 2
i )i=1...n2 are said to be comparable if their

corresponding uncorrelated point processes, modelled using inho-
mogeneous Poisson processes, can be seen as identically distributed,
i.e. if their nearest neighbour cumulative distance distributions G1

avg

and G2
avg fall within each other’s simulated variation band as defined

above.

This ensures that the number and density of points for each pair
are similar, and hence that eventual differences in their observed
nearest neighbour distributions actually correspond to differences in
relative co-localisation. To test whether those differences are sig-
nificant, and given that acquiring additional experimental images is
usually a limiting factor, we use bootstrapping resampling.

Let T 1 = (T 1
i )i=1...n1 and T 2 = (T 2

i )i=1...n2 be two compara-
ble pairs of point patterns. Let H0 be ”T 1 and T 2 are samples from
the same population”. Let τ̂ = maxr |GT1(r)−GT2(r)| be the test
statistic under scrutiny. A bootstrap sample B = (B1, B2) is com-
prised of two sets of respectively n1 and n2 tips randomly drawn
with replacement out of T 1 ∪ T 2. If GB1 and GB2 are the respec-
tive cumulative distance distribution corresponding to the bootstrap
sample, we pose τB = maxr |GB1(r)−GB2(r)|.

Then, if m bootstrap samples Bi are drawn, the p-value of the
test is defined as ([12]) p = 1

m

∑
i �τBi

>τ̂ . A low p-value means
that the value of the observed statistic τ of samples following H0,
i.e where all tips are pulled together and assumed to be identically
distributed, are most often lower than the observed one; that value
then is not adequately described by the null distribution and H0 can
be rejected.
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Fig. 5. (above) Example of 5 pairs of proteins, named P1 to P6 for simplicity and confidentiality. (below) G function for at least 20 cells

(black line), with the corresponding uncorrelated simulated point patterns (red and gray).

Comparing polarity pairs On the simulated point patterns, the
curves compared two by two σ = 0.2 and σ = 0.4, σ = 0.4 and
σ = 0.6, σ = 0.6 and σ = 0.8 are all seen as significantly different
(p < 0.01). When compared to uncorrelated point patterns, ran-
domly displaced point patterns are seen as significantly different at a
5% significance for σ ≤ 0.8. Those results do validate the proposed
test, and seem to indicate that its power is similar across the range of
correlations.

It can readily be seen that P1-P6 is not comparable to the other
pairs. The number of P6 nodes, in particular, is significantly below
the others. The other pairs are all comparable however. P1-P2 and
P1-P3 are of equivalent spatial correlation (p = 0.375), and are both
significantly more correlated than P1-P4 (p < 0.001), corroborating
the qualitative comparison of the previous section. The fact that dif-
ferent couples of proteins can be of significantly different, but non-
random, spatial correlation is again a hint at the presence of several
differing underlying physical process giving rise to them.

6. DISCUSSION AND CONCLUSION

In this work, a spatial statistic framework was adapted to 3D fluores-
cence microscopy image data and used to study the co-localisation of
punctual protein structures at the tip of yeast cells. Using that frame-
work we proved the existence of multiple distinct populations of pro-
tein nodes at the cortex of fission yeast cells, hinting at the existence
of complex spatio-temporal mechanisms. To elucidate those mecha-
nisms, future work will be aimed at extending the current framework
to use time information for the study of video microscopy data, care-
ful use of more involved point pattern interaction models and/or the
characterisation of sub-populations of cells within a given protein
pair.

The developed framework provides a quantitative and statistical
way to deal with object co-localisation, a crucial yet still challenging
problem. Importantly, it does so without imposing ad hoc models,
but using non-parametric data-based modelling. As a number of bi-
ological processes involve the spatio-temporally relative position of
punctual structures, the proposed methodology may be considered
as a good candidate for a generic analysis framework in microscopy.
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