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ABSTRACT

We propose an automated morphology reconstruction method for
curvilinear network analysis. The proposed approach first projects
samples to the ridge of the intensity image of the curvilinear system.
Then, a manifold deviation measure is utilized to approximate the
ridge with piecewise linear segments between the projected samples.
A nonparametric system workflow based on the kernel interpolation
and density estimation is provided for the derivations without any
user defined meta-parameter, i.e. hard threshold for segmentation.
Lastly, a rigorous sampling strategy using the manifold deviation
measure that can be used for robust sparse tree reconstruction is pro-
vided. The proposed approaches have been tested on a small set of
representative retinal scans. Preliminary qualitative results indicate
the effectiveness of the method.

Index Terms— Principal graphs, resampling on manifolds

1. INTRODUCTION

Curvilinear network analysis in images has been an active research
area for the last few decades. The aim of curvilinear analysis is to
provide a simple, yet biologically meaningful summary of a com-
plex network, which can be achieved through morphology (geome-
try and topology extraction). Hence, various approaches have been
proposed to extract the skeleton/ridge/centerline/principal curve of
the data and represent it in an ordered fashion'. Airways, vascular
and neuronal networks are such examples that have been studied ex-
tensively in the literature [1, 2, 3]. Although it is impossible to cover
all approaches here, it is reasonable to categorize previous work into
two categories: i) local and ii) global approaches.

Local approaches are explanatory methods that rely on local
decisions to traverse/trace the data space. Since decisions are purely
based on the local evidence, they are computationally feasible.
However, a common problem in local tracing methods is subop-
timal traces. Problems related to imaging, such as noise, gaps or
crossovers are frequently present in the data and any decision lim-
ited to an immediate local neighborhood is in general sensitive to
such variations in the data. On the other hand, global approaches
are more robust to the such variations. Moreover, any a priori con-
straint on the morphology can be incorporated to ridge estimation
such as in active contours. However, they are computationally de-
manding given the size of the data. In general, global methods are
applied to pre-segmented data or initialized to some initial morphol-
ogy to reduce computational complexity. In fact, any error in the
pre-segmentation or initialization stage propagates throughout the

'Here, order is used as in hierarchical representation.
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Fig. 1. Olfactory datasets obtained from confocal microscopy.

(b)
Fig. 2. Different curvilinear systems. a) Retinal scan. b) Neuronus-
cular junction axonal projection

estimation process. Moreover, given the variations in the appearance
and shape of curvilinear structures within a dataset, it is practically
infeasible to come up with a global approach or a trained classi-
fier that can handle all scenarios. Fig. 1 shows such a case where
maximum intensity projections (MIP) of two confocal microscopy
images [4] from the central region of Drosophila, where intensity
and shape variations are highly noticeable, albeit being acquired
using the same modality and preparation and belonging to same re-
gion. Moreover, each curvilinear system has it is own dynamics and
characteristics. Blood vessels in the eye might form highly sparse
tree-like vascular networks [5] as seen in Fig. 2(a), whereas neuronal
arbors such as neuromuscular junction fibers [6] as in Fig. 2(b) form
dense bundled networks.

In this work, we discuss an automated global spanning algorithm
that uses local statistics to adapt variations in the data that aims to
fill the gap between local and global approaches. The proposed ap-
proach is based on ridge analysis [7, 8] and manifold connectivity
concepts that we introduced in our previous work on neuronal mor-
phology extraction [9]. Briefly, given a dataset, we first map sam-
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ples to their underlying ridge. Then, in order to extract robust mor-
phological reconstruction and to prevent aforementioned data depen-
dencies, a nonparametric twice differentiable ridge function s(x) is
constructed from these projections directly. Finally, an affinity based
spanning algorithm based on this ridge function is utilized to cover
the whole dataset.

2. RIDGE ANALYSIS

The centerline of a multivariate function whose high-valued regions
tightly follow a curvilinear structure (manifold) is defined as the
curve that passes through the middle of this high-value region, or
in the case of data clouds from the middle of the high density re-
gion [7, 10, 8]. In our approach, we use the local critical set/manifold
definitions [7, 8] to decide if a point is on the ridge of a function. The
following sections are adopted from our previous work [9, 11].

Let f(x) : R™ — IR be an at least twice continuously differ-
entiable function with g(x) and H(x) be its gradient and Hessian.
Let g; and \; be the " eigenvector/eigenvalue pair of the Hessian
matrix of f(x) such that Ay < --- < \,. For the sake of argu-
ment, we assume that appearance model of f(x) is concave, i.e. has
local maxima along its ridge. Since the underlying morphology is
curvilinear and the function is concave, a point is on the ridge of a
function if the gradient is collinear with one of the eigenvectors and
the eigenvalues corresponding to the remaining eigenvectors are all
negative.

Note that mentioned local conditions are generalizations of the
local maxima/minima conditions; a point on the ridge is the local
maximum of the function in the subspace spanned by the n — 1
eigenvectors, S| = span(qe,...,Qn), assuming without loss of
generality that the gradient is aligned with the first eigenvector.. Let
C(x) = H(x) ' be the inverse of the local Hessian matrix and
C.(x) = 3 7()\; 'a:q} ) be the orthogonal component of C(x); a
measure for being on the ridge can be formulated as
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where the measure (x) becomes 0 on the ridge. In fact, any mea-
sure that quantifies whether the gradient vector lies in the null space
of S| can be used instead of Eqn.1. However, the proposed measure
has only one local minimum at O (on the ridge), and it is monoton-
ically increasing elsewhere except at the umbilic locations?, hence
captures the deviation from the underlying ridge in the extended
vicinity of the ridge [9] and can be used to construct an affinity mea-
sure between samples as discussed in Section 3.

Given f(x), all samples are mapped to their underlying principal
curve by constructing a second order gauge coordinate system and
projecting them by solving an ordinary differential equation®. In or-
der to prevent redundant calculations in the projection step, we only
keep the pixels where the underlying ridge passes through. Conse-
quently, only a small fraction of the total pixel count (voxel count
in 3D images) is processed with the principal curve projection itera-
tions.

In order to obtain a twice continuously differentiable func-
tion f(x), kernel regression technique is utilized. Let I(x) be the
appearance, i.e. intensity value, at position x, f(x) can be written
as

2Umbilics are the regions where eigenvalues of local Hessian matrix
change sign.

3We skip details due to space constraints. Technical details can be found
in [9, 12].
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where w(x;) = I(x;)Goe (I(x) — I(x;)) is the weight for the i*"
data sample x;, o. is the scale of the intensity values G, (x;) =
C’Uce_%(l(x)_l(x”)Q/"g with normalization term C,, and ¥; is
the variable kernel* covariance of the Gaussian kernel G's;, (x;)
Cxe 2 B>,
The gradient and the Hessian of f(x) are:
N

g(x) = —Zw(xi)Ggi(x—xi)Zfl(x—xi) 3)

i=1

H(x) = Zw(xi)Gzi(x - xi)(uiuZT - Ei_l) 4)

Here u; = Eiil(x — Xi).

Once we map the pixels onto the ridge of f(x), a ridge func-
tion s(x) is constructed similar to Eqn. 2 using variable-width ker-
nel density estimate (KDE) based on the projected sample locations.
We use uniform weighting w(x;) = 1 for the density estimation.
Note that, it is also possible to use f(x) to construct an affinity, but
any outlier present in the data will manifest itself in the regression
due to selected weighting scheme. For that reason, ridge function
s(x) is evaluated only using the projected samples, hence invariant
to appearance and shape variations in the data. The gradient, Hes-
sian and the resultant manifold deviation measure, x(x), of s(x) are
calculated similar to Eqns. (3,4 and 1) respectively.

In the literature, there are various techniques to estimate the ker-
nel size from given data [13]. In this paper, we used leave-one out
cross validation to estimate the width of anisotropic kernels. Al-
though density estimation using variable kernel size or anisotropic
kernels is more robust to outliers and is capable of fitting the un-
derlying density variations better, the estimation procedure requires
k-nearest neighbor (k-nn) information where selection of & is cru-
cial (we typically selected k = v/N).

3. SIMILARITY ON MANIFOLDS

In order to extract morphology, one needs to order samples with re-
spect to a reference or a root vertex. A common approach for curvi-
linear analysis is to represent the data as a graph with vertices as the
locations on the ridge and edges between consecutive vertex pairs.
We construct a graph representation of the data by first detecting all
possible connections/edges between samples, then represent them in
a hierarchical formation that governs the topology. In order to sim-
plify the morphological reconstruction, we also provide a sampling
strategy based on the manifold deviation concept that we will cover
in this section.

In order to define affinity between samples, we first define a dis-
similarity measure as a function of how close the edge between them
is to the underlying ridge [9]. We use the manifold deviation value
of s(x) similar to Eqn. 1, and define the dissimilarity as the integral
of this value over the edge.

Let p(a, b) be the pairwise dissimilarity score of points a and
b, given as the line integral of scalar valued function, «(.), from a
to b evaluated on the curve /()

4Assuming Gaussian kernels here for simplicity. Any suitable interpolat-
ing kernel could be used depending on smoothness assumptions.



Given confidence/compression threshold, thr and a root sample xo,
obtain M(a, b) = I'p(a, b) > thr and initialize the set of extracted
branches By = @. Then, repeat below until all samples are visited.
At the i'" iteration

1. Find the furthest sample xj, to xo constrained to the connec-
tivity matrix M.

2. Run a shortest path algorithm to obtain the set of samples on
a branch b = xy, ..., xo from xy, to Xg.

3. Expand the branch with unvisited nodes B; = B;_1 |Jb

4. Delete any nodes along b.

Table 1. Principal Spanning Forest Algorithm

ola.0) = [ w0 i s

here we parameterized 1(t) = a + t(b — a) as a line with 1(0) = a,
1(1) = bandi(t) = (b — a).

Note that each sample has its own dedicated second order gauge
coordinate system, so the local principal curve rankings (sorted
eigenvalue/eigenvector pairs) might not coincide with the ones in
the neighborhood manifolds. Consequently, we used the ranking at
location a as reference and select the ranking of eigenvalues at an
intermediate step based on the pairwise inner product of reference
eigenvectors with the ones at the intermediate step. Let q;(t) be

the 7" eigenvector at 1(t) and ¢7 ; be the k" eigenvector that
spans S (a) at reference a, where j = 1,...,nand k = 2,...,n.
Ranking of the k*"principal curve can be obtained as
O =arg min (¢/)"q1 ©)
1=1,...,n

If the line integral passes through an umbilical region or a region
where local convexity is violated, x(x) will attain negative values.
Since we initially assumed that the data lies very close to the mani-
fold, we only calculate the score between pairs where the connecting
path also lies inside the locally defined convex region such that

_ [ p(a,b) ifVt e [0,1]A2,... n(1(¢)) >0

pla,b) = { oo otherwise @

Note that the defined score is not symmetric. This is implied by
the fact that in the presence of multiple local manifolds, the signif-
icance ranking of manifold dimensions vary as one travels through
the space. Although there are two overlapping paths (actually same
path defined by the local principal curve) that connects data pairs,
they have different rankings.

4. SAMPLING ON PRINCIPAL MANIFOLDS

We propose the strategy outlined in Tab. 1 to approximate any
smooth principal curve with piecewise linear lines.

The constructed dissimilarity matrix summarizes all possible
edges in the data, where each edge weight is a measure of hav-
ing two samples on the same ridge/principal curve. In fact, by
thresholding this measure, then applying a connected component
analysis one can cluster samples with a compression. Given a com-
pression factor, we define the deviation from the original curve
invariant of path length as p*(a,b) = max(p(a, b), g(b,a))/L,
where L = fol [iT(t)i(t)]%dt is the arc length of the path. Let
I'p(a,b) = e 9@P)/L pe the affinity matrix obtained from this
path normalized pairwise score matrix and M(a, b) be the neigh-
borhood mask obtained from I'p(a, b) by thresholding with #r.

(b) ©
Fig. 3. A sample retinal scan. (a) Blue dots represent the projected
samples and red circle denotes the optical disk region. (b) Zoomed
version of the green rectangle in (a). (c) Reconstruction result over-
layed on the Frangi fiter output. Black dots represent the selected
nodes in the spanning algorithm. Green square depicts the bifurca-
tion location.

5. RESULTS

We tested the proposed spanning approach on retinal scans [14] ob-
tained and provided to us by researchers at the Casey Eye Institute at
OHSU (Portland, OR)’. In our calculations, we only used the green
channel, where the curvilinear networks are observable. An initial
Frangi filter [15] is utilized to enhance the curvilinear structures fol-
lowed by a connected component analysis to eliminate small isolated
regions in the data. In order to guarantee a single connected compo-
nent, a region growing algorithm that grows from the root location is
employed in a recursive fashion to merge any disconnected regions.
Optical disk regions (red circle) are manually selected and excluded
from the calculations show in Fig. 3(a) and its center is selected as
the root sample. Mapped samples after the projection step are de-
picted with blue dots and overlayed on the original image, as well
as on the zoomed region as shown in Fig. 3(a and b) respectively.
Fig. 3(c) shows the reconstruction result with resampled samples on
the ridge (shown as black dots). Note that reconstruction is highly
sparse compared to Fig. 3(b). Each branch is labeled with a distinct
color and the bifurcation location is depicted with a green square.

Fig. 4 shows the result of the spanning method on 6 different
retinal images. Left column depicts the original images, whereas
middle column displays the Frangi filter output. Morphological re-
construction result is displayed in the right column, where each color
denotes a branch. In general the proposed technique extracts the
morphology information accurately. Common mistakes in the re-
construction are missing branches. Since we used the filtering result
as the input for the projection step, any misses in the filtering step
would result in missing branches. In addition to this, we eliminated

SWe thank Dr. Michael Chiang and colleagues for providing a set of im-
ages with manual segmentation of vessels. In this work we will not present
quantitative measures of overlap between traces and ground truth vessel ar-
eas. Future work based on the results presented here will include extensive
assessment along these lines.
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clusters having small number of samples which might potentially
eliminate small isolated vessels.

6. DISCUSSION

In this paper, we presented an automated curvilinear morphology re-
construction method. The proposed approach aims to fill the gap
between global and local approaches that have been studied in the
curvilinear network analysis literature. We start with a projection
step that sparsely maps the samples to their underlying principal
curve using local statistics. A nonparametric ridge function is con-
structed from this projection to highlight the overall topology. Mor-
phology of the networks is obtained by piecewise linearly connect-
ing samples based on the ridge function, such that each connection
remains in the concave region of the function and does not deviate
from the ridge more than an amount determined by a user selected
threshold. Overall, the proposed approach enables us: (i) to decide if
two samples belong to the same curvilinear network and (ii) to spar-
sify highly dense curvilinear samples with a user defined parameter
and satisfying the constraint that approximations remain within the
concave region around the ridge. Although we did not mention the
usage of the second property in detail due to space limitations, sparse
representation of such networks is essential for various clinical ap-
plications, such as retrieval for disease classification. Current and
future work will focus on such research for clinical applications.
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