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Abstract. In this paper, detection of edges in oriented fields is ad-
dressed. In some applications such as vessel segmentation because of the
intrinsic orientation of the structures, edge detection is only demanded in
a particular subspace. This is specially usefull when a curve evolution is
chosen for segmentation since gradients in parallel to vessel orientation
may stop the contour. An anisotropic edge detection scheme is gener-
alized on a Riemannian manifold using the local structure tensor. The
method is the generalization of the PLUS operator proposed in [8] for ac-
curate curved edge detection. Examples are given and the comparison is
made with the state-of-the-art flux maximizing flow which indicates that
significant improvements in terms of leakage minimization and thiner
vessel delineation is achievable using our methodology.

1 Introduction

Magnetic Resonance Angiography (MRA) is increasingly used to provide vol-
umetric information of vascular system. Accurate assessment of MRA images
requires that the vessel structures to be extracted from MRA data sets. Cur-
rently, a number of techniques have been developed for vessel segmentation based
on the advanced level set evolutionary methods [11,1].

Despite of relative success from some of these methods, segmentation of long
thin structures is still considered as a delicate task. Most of these techniques are
edge detection based and therefore, their success mainly depends on the accuracy
of the detected edges. Classic edge detection methods have shown to produce
inaccurate estimation of the edges for curved surfaces (such as blood vessels).
Haralick edge detection operator, Iξξ, [7] defines the edge as a point where the
gradient magnitude is maximized along side the image gradient orientation, but
under-estimates the actual radius of the curved surfaces. Zero-crossing of Lapla-
cian ΔI or “Marr-Hildreth” [10] edge detection gives an over estimation because
of the system point spread function (PSF). Since both Iξξ and ΔI appear to
be dislocated in opposite direction[9], Verbeek and van Vliet [8] proposed the
PLUS operator which sums Iξξ and ΔI, which improves the accuracy of the edge
location an order better.
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As we will see the original (Euclidean) PLUS edge detection has a shortcom-
ing to segment elongated thin vessels. The reason is that PLUS edge detector
has a isotropic behaviour, meaning that it is equally sensitive to gradients in
all orientations. Therefore, in a contour propagation scenario, those noisy im-
age gradients parallel to the main orientation prevent further propagation. In
fact, sensitivity is mainly needed across the planes normal to vessel local orien-
tation. This paper proposes a Riemannian generalization of the PLUS operator
(hereafter called R-PLUS) using the local structure tensor which improves the
continuity of the extraced vessels. A simple form of such a tensor is given and
illustrated using an example and a few TOF-MRA data sets.

1.1 Related Work

For segmentation of thin structures, Gazit et al.[3] proposed a combinational
curve evolution method, using Haralick edge detector and Chan-Vese minimal
variance functional and geodesic active contours. Our methodology is different
from that model, since we utilize local structure information for edge detection,
and the method does not depend on GAC or Chan-Vese model. Flux maximizing
flow was introduced by Vasilevsky [2] that integrates the directions of gradient
vectors into the evolution equation so that the gradient flux through the evolving
curve is maximized (here after called FLUX). With respect to the authors, we
show that in fact since the FLUX is basically a Marr-Hildreth kind of edge
detection scheme, it usually overestimates vessel widths (particularly in thinner
vessels with high isophote curvature) while using our method more accurate
segmentation is achieved in lower contrast thin vessels.

2 Basic Edge Detection Schemes

Zero crossing of Laplacian ΔI was proposed by Marr-Hildreth in [10] as an edge
detector. Haralick edge detector [7]finds the image locations where |∇I| has a
local maximum along the gradient. In other word, edge is defined as a point
where the directional derivative of |∇I| along side ξ = ∇I

|∇I| , i.e, Iξξ is zero:

∇|∇I|.ξ = 0 (1)

This implies that the inside the object ∇|∇I|.ξ is negative and the outside pos-
itive. Both Haralick and Marr-Hildreth edge detection schemes suffer from dis-
location error in identifying curved edges. Since dislocations from these schemes
are in opposite directions, Verbeek et al [8] proposed zero crossing of the sum-
mation: ΔI + Iξξ (the PLUS operator) for edge detection and achieved better
accuracy. This corresponds to an energy functional consisting of two components:
the first one minimize (maximize the norm) the outward flow of the image gra-
dient field on the object border, and the second one minimizes the a regional
integral, summing values of ∇|∇I|.ξ inside the object. In the next section, these
functionals are generalized on a Riemannian manifold.
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3 Riemannian PLUS Edge Detector

Assume for a given open region D, the evolving surface is represented as the
zero level of the level set function φ(x) where φ(x) < 0 for inside of the object,
and φ(x) > 0 for outside. H(x) and is representing Heaviside function such that
H(x) = 1 if x ≥ 0 otherwise H(x) = 0. Also δ(x) = d

dxH(x) is the Dirac delta
function. Further, assume that M is the Riemannian manifold defined on D and
endowed by the metric g = {gi,j} [4]. The generalization of PLUS operator to
M is straight forward. All Euclidean gradient ∇(.) vectors are transformed to:
∇g(·) = g−1∇(·). Considering the fact that dot product under the space metric is
now defined as: < x, y >g= xt.g.y and taking care of all the quantities involved
in terms of the metric g such energy functional can be written as:

E =
∫

M

δ(φ)∇t
gI.g.∇gφ +

∫
M

H(−φ)∇t
g‖ ∇gI ‖g.g.

∇gI

‖ ∇gI ‖g
(2)

where ∇g and ‖ · ‖g denotes the gradient and the norm on the manifold. The
first term is in fact a line integral measuring the flux on the object border and
the second term is the regional term. Minimization of this regional functional
implies negative Riemannian dot product operator employed in the equation (1)
inside the object, and maximizing the ( norm) of geodesic flux on the border.
Using co-area formula equation (2) can be written as:

∫
D

δ(φ)∇t
gI.g.∇gφ|g|1/2dx +

∫
D

H(−φ)∇t
g‖ ∇gI ‖g.g.

∇gI

‖ ∇gI ‖g
|g|1/2dx (3)

in which |g| denotes the determinant of the metric. Considering the fact that
‖ ∇gI ‖g=‖ ∇I ‖g−1 , (3) can be simplified as:

E=
∫

D

δ(φ)∇tI.g−1.∇φ|g|1/2dx+
∫

D

H(−φ)∇t‖ ∇I ‖g−1 .g
−1.

∇I

‖ ∇I ‖g−1
|g|1/2dx

(4)
In which the gradient vectors appear in Euclidean version. It is easy to see that
the Euler-Lagrangian minimizing equation of (4) is as follows :

∂φ

∂t
= δ(φ)[div(|g|1/2g−1∇I) + ∇t‖ ∇I ‖g−1 .g

−1.
∇I

‖ ∇I ‖g−1
|g|1/2] (5)

Using Libnitz formula this can be rephrased as:

∂φ

∂t
= δ(φ)[div(|g|1/2g−1∇I) − 0.5 ‖ ∇I ‖g−1 div(

|g|1/2g−1∇I

‖ ∇I ‖g−1
)] (6)

Let us have a closer look at (6). The first term computes the g-Laplacian of the
projected image gradient and it has high responses if ∇I has large components
in parallel to main eigen vector of g−1. This is an important property which
should be considered in the design of the g, the metric tensor. The second term
is the geodesic mean curvature of the image isolevels, and has a similar role
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as topological complexity minimizer, i.e., Iηη in the Euclidean version [3]. We
observe that for g = Id, (the identity matrix), equation (6) reduces to ∂φ/∂t =
ΔI − 0.5Iηη, i.e, the Euclidean PLUS operator. However, generalization using
the metric tensor g allows a selective behaviour of the edge detection mechanism.
All we have to do is to design an appropriate tensor that eliminates the gradient
vectors in parallel with main orientation of the local structure.

4 Design of the Metric Tensor

We utilize the structural tensor to define our metric tensor. The local struc-
ture tensor at point x can be obtained using the following summation in the
neighborhood of N{x} [6]:

T (x) =
∑

N{x}
∇(Gσ(x) ∗ I(x))∇t(Gσ(x) ∗ I(x)) (7)

Where Gσ(x) is a Gaussian with a standard deviation σ. Let 0 ≤ λ1 < λ2 < λ3
and Ci = eiei

t, i = 1, 2, 3 be the eigen values and their corresponding eigen
components of the structure matrix T .

As mentioned in the previous section the tensor g−1 should maintain its main
components in support of ∇I if it is normal to the local orientation, and in other
way the gradients should be eliminated. In this paper we consider a simple form
for g−1:

g−1(t) = ε(t)C1 + C2 + C3 (8)

Where 0 ≤ ε(t) ≤ 1 is a decreasing function such that: ε(0) = 1.0 which
controls the anisotropic behaviour of the tensor. This important property of
time-dependency can be explained as follows: in the beginning of the evolution
the tensor is isotropic, and all the directions have the same opportunity to be
spanned which helps finding the vessel branchings. Anisotropy is increasing in
time, and removes the noisy gradients. This behaviour mimics lowering temper-
ature in optimization by simulated annealing and inhibits local minimums.

5 Multi-scale Computation

Multi-scale implementation of (6) can be achieved in a similar way as described
in [2]. That means div(v) terms are computed as the outward flux of the v on
hemo-centric spheres with different radius r and then maximum is chosen over
the range of scales:

div(v) = sup
r

{1/N
∑

q

v(rnq).nq} (9)

Where nq is unit outward normal vector on the sphere surface. In our imple-
mentation N , the number of the sampling points on the sphere is fixed to 24,
the range of scales was 0.3, 0.54, 0.99 and 1.6 voxel and entries of v and n with
non-integer index, are interpolated linearly.
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(a) (b)

(c) (d)

Fig. 1. Riemannian edge detection: (a) Maximum projection image, segmentations
obtained from: (b) FLUX, (c) Euclidean PLUS operator (g−1 = Id), (d) R-PLUS
operator, edges across the model is not detected and a continuous tube is discovered

6 Implementation

In order to have a working contour evolution a few issues must be consid-
ered. Since we segment vessels that appear brighter than background, to allow
proper vessel edge detection we only allow negative values on the second term
in (6). This eliminates the edges resulting from objects with opposite brightness
polarity.

A regularized version of delta function,δε is utilized with the same definition
as in [5], we used ε = 0.5. Finally smoothness is achieved using minimal surface
principle curvature introduced in [?]. Therefore using the tensor metric defined
in (8), vessel segmentation evolution is as follows:

∂φ

∂t
= δε(φ)[∇.(g−1∇I) − 0.5 ‖ ∇I ‖g−1 S(∇.(

g−1∇I

‖ ∇I ‖g−1
)) + αk̂] (10)

Where S(x) = x if x < 0 otherwise 0. The program is implemented using Insight
Toolkit and mex library funcitons are called from MATLAB on a Linux system.

7 Synthetic Data Experiment

The maximum intensity projection of a synthetic image is shown in Fig.1.a. We
embed a few gap-like signal drop effect along side the model and the target
volume is assumed to be a straight rod. A Gaussian noise was generated and
added with the image. Segmentation using FLUX is shown in panel (b). A few
leakage can be observed and the segmented structure appears wider than MIP.
Euclidean PLUS segmentation is shown in (c) which is insufficient to fully dis-
cover the target since it has detected the embedded gaps and contour has been
trapped in between. However, R-PLUS has successfully passed over the signal
droppings and the target has been successfully segmented (d). This is because
the edges from those gaps are suppressed by projection through g−1. Meanwhile
in contrary to (b), a tighter edges have been obtained across the model, which
is closer to the actual edge points of the model.
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(a) (b)

Fig. 2. MIP images of two 149×149×107 3T TOF-MRA data sets used for segmentation

8 Vessel Segmentation

The efficiency of the proposed edge detection scheme was tested on real data
obtained using 3T TOF-MRA protocol. Data sets are randomly chosen from
MIDAS Data Server at Kitware, Inc and was resized to a isotropic sampling ma-
trix and then smoothed using a Gaussian smoothing filter with σ = 0.3 voxel.
Segmentation was applied on a selected ROI containing most of vasculatures.
Fig.2 indicates the maximum intensity projection of two data sets after smooth-
ing. In these experiments, we set the curvature weight α = 0.025. Segmentation
result is shown in Fig.3. Initialization was achieved by thresholding the speed
image (the right hand side of equation (10) ) and intial seeds obtained with the
most negative values. Consideration was given to include no seed points outside
of vessels. After convergence of isotropic PLUS (ε(t) = 1.0) operator, which was
obtained after almost 103 iterations, the result was feed to R-PLUS (ε(t) � 0.0)
and further propagation was observed. This results in detection and merging of
some thinner vessels as indicated by arrows in the right column of Fig.3. The
result was also compared to FLUX as shown in Fig.4. As it can be observed,
vessels are not delineated in the same thickness as they appear in the MIP image
(only one volume is shown), and the segmentation includes significant leakage
to background area in that term. Similar results has been reported in a recent
work in [11].

9 Discussion

In this paper a new Riemannian edge detection scheme was proposed based on
the PLUS operator introduced in [8]. Into our knowledge, this extention is new
and has not been addressed yet. Also a new level set PDE was proposed for vessel
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Fig. 3. Segmentations of the first (top) and second (bottom) data sets using: PLUS (left
column), R-PLUS (right column). Arrows indicated some vessels that are discovered
using R-PLUS.

Fig. 4. Segmentation of the first data set using FLUX
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segmentation. The tensor metric introduced in this work has a simple form and it
can be extended into more complex forms. Yet it is effective and eliminates noisy
gradient vectors. The systematic edge detection accuracy problem with similar
works [3,2] was addressed and a comparison with standard FLUX method. Our
results revealed that the method is able to segment more detailed structures and
finer elements. Validation and comparion using other kind of data sets remains
as our future research activities.
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