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Abstract. Statistical shape modelling is a popular technique in medical
imaging, but the issue of sample size sufficiency is not generally consid-
ered. Also the number of principal modes retained is often chosen simply
to cover a percentage of the total variance. We show that these simple
rules are unreliable. We propose a new method that uses bootstrap repli-
cation and a t-test comparison with noise to decide whether each mode
direction has stabilised. We establish mode correspondence by minimis-
ing the distance between the space spanned by the replicates and their
mean. By retaining only stable modes, our method distinguishes real
anatomical variation from modes dominated by random noise. This pro-
vides a lower stopping rule when the sample is small and converges as
the sample size increases. We use this convergence to determine sample
sufficiency. For validation we use synthetic datasets of the left ventricle
generated with a known number of structural modes and added noise.
Our stopping rule detected the correct number of modes to retain where
other methods failed. The methods were also tested on real 2D (22 points)
and 3D (500 points) face data, retaining 24 and 70 modes with sample
sufficiency being reached at approximately 50 and 150 samples respec-
tively. For a 3D database of the left ventricle (527 points), 319 samples
are not sufficient, but at this level we can retain around 55 stable modes.
Our method provides a principled foundation for appropriate selection
of the number of modes to retain and determination of sample size suf-
ficiency for statistical shape modelling.

1 Introduction

Statistical shape modelling (SSM) is a technique for characterising variation of
shape and fitting to unseen shapes. A set of sample shapes is collected and prin-
cipal component analysis (PCA) is performed to determine the principal modes
of shape variation. Since the surfaces are usually extracted from 3D image data
the dimensionality of the shape vector will typically be high, perhaps several
thousand. The number of samples used in constructing the model varies, but
is generally in the range 10-50 [TJ2I3/4]. While these training sets are sufficient
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to prove the principle of a technique, the sample may not be large enough to
ensure that the resulting model reflects the true background anatomical varia-
tion. Limited literature can be found discussing PCA sample size sufficiency. In
the related field of common factor analysis (CFA), early guidelines for a mini-
mum sample size requirement involved either a universal size regardless of the
data dimension or a ratio to the number of dimensions. However, there is in-
consistency between the suggestions, implying that the minimum size depends
on some intrinsic characteristics of the data other than its dimension. MacCal-
lum et al. proposed that for CFA they are communality and overdeterminaton
level [5].

Methods which identify the number of modes to retain for a PCA model are
called stopping rules. A number of methods have been proposed for PCA [GI7I8[9].
The most commonly used rule in SSM is to use a threshold, e.g. 95%, on the
cumulative percentage of principal modes’ variance [810]. However, the choice of
threshold is somewhat arbitrary, and we will show in section [l that the number
of modes retained varies with sample size.

Stability measurements for SSM have been proposed to determine the number
of modes. Given two shape models trained from different sample sets, Daudin
et al [I1I] used a sum of correlation coefficients between pairs of principal com-
ponents; Besse et al [12] used a loss function derived from an Euclidean dis-
tance between orthogonal projectors; Babalola et al [I3] used the Bhattacharya
Metric to measure the similarity of PCA models from different sample sets. Re-
sampling techniques such as bootstrapping [I1] and jackknifing [I2] are used.
The distribution of PCA modes across the replicates reflects their distribution
in the population, allowing stability analysis to be performed. The selected prin-
cipal modes span a subspace. Besse et al. proposed a framework for choosing
the number of modes based on their spanned-space stability [T4]. This method
differentiates structural modes and noise-dominated modes when the sample
set is large. However, as will be shown in the section Bl this method can only
provide a estimation of the number of modes when the sample size is large
enough.

In this paper, we establish mode correspondence by minimising the distance
between principal spanned spaces. We then apply bootstrapping to estimate the
distribution of each eigenmode direction and perform a t-test against pure Gaus-
sian noise to determine the number of modes that should be retained for SSM.
This leads to a procedure to test for the sufficiency of the current sample size
by convergence of the number of modes retained. These methods are validated
on synthetic data generated with a known number of modes, and applied to a
real dataset of the left ventricle from MRI and datasets of 2D and 3D faces.

2 Stopping Rule by Stability of Mode Direction

Our stopping rule is based on bootstrap stability analysis on mode directions.
This requires correspondence of the PCA modes trained from different replicates.
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Fig. 1. Comparison of Leading 7 Eigenmodes from two mutually exclusive sets of 50
samples from our 3D heart mesh database. Darker texture implies larger variation.

2.1 Establishing Mode Correspondence

Examining individual modes requires mode correspondence. Normally, this is
done by matching those with the same eigenvalue ranks. This method may fail if
the variances along two modes are quite similar. As can be seen in figure[T], there
can be significant variation of individual mode directions between sample sets.
However, the combined modes from different sample sets may still span similar
subspaces. Mode alignment can be achieved by minimising the distance between
these subspaces.

For the leading PCA modes {(a;, \;)|a;| = 1} of an n-dimensional distribu-
tion, we define the principal spanned space (PSS) as the subspace $* spanned
by {a;}, where distance measurement used by Besse et al.[I2] can be applied:

d(A* B*) = k — trace(AAT BBT) (1)

where the columns of A and B are the modes spanning PSS A* and B*.

For two sets of PCA modes, a; and b;, trained from different sample sets of a
common distribution, the following rule can be used to establish correspondence.
The first mode in a; corresponds to the mode of a replicate that minimises
d($.", 8", and we proceed iteratively. Assume we have already aligned 8.k
the PSS from the first k modes in a;, to the spanned space $* from k modes
in the replicate b;. The mode in b; that corresponds to the k+1*" mode in a;
will be the one that minimises d($,""", $3,*1).

2.2 t-Test on Mode Stability

There is a risk with tests using the magnitude of the variance that stopping rules
will be dominated by the first few modes and fail to identify the correct cut-off
point. Also, it is the mode directions that define the basis of a shape model for
fitting or synthetic shape generation. Therefore we propose a stopping rule based
on the stability of the mode direction only.

Averaged dot-product between corresponding modes and their mean was used
as the stability of mode direction [9]. We apply the same principle to the modes
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from different bootstrap replicates, but for clarity we use the angles between
mode directions. The instability, £, of mode a; is given by:

> sy arccos(aq- &)-
£(ai) = o )
where @; is the mean mode vector and m is the number of bootstrap replicates.

Since noise-dominated modes should have higher instability, a threshold on &
can be used to differentiate them from structural modes. However, the choice for
the threshold is arbitrary and is found to be sensitive to the size of replicates.
Instead, assuming the distribution of angles between corresponding modes is
Gaussian, an one-tailed t-test can be used to establish whether a mode is domi-
nated by noise to a given significance level.

We generate a pure Gaussian noise dataset to compare with the test dataset.
All conditions must be the same — the dimensionality, the number of samples
in the dataset, the number of replicates, and the number of samples in each
replicate. Since we are only interested in mode directions, the level of noise is
not important. Let the angle for the first pure noise mode to be a7 and the angle
for the i-th mode of the test samples to be a;, The null hypothesis of the t-test
is Hp : £(a1) > &(a;). By rejecting Hy at a given confidence level, one can safely
conclude that the i-th mode is not dominated by noise.

3 Sample Size Sufficiency

Studies on CFA showed that the sample size requirement for a statistical model
really depends on certain characteristics of the data that are modelled. For CFA
these are communality and overdetermination level [5]. For SSM, such factors
could be the compactness and the number of genuine anatomical modes not hid-
den by noise. With increasing sample size, more PCA modes of the background
variance are well covered. Once the training set becomes sufficient, no further
modes will be revealed. We propose the following procedure to determine the
sample size sufficiency. For a sample set, X, of n samples:

1) Apply PCA on X, to get a set of modes B.

2) Starting with a reasonably small number, n*, Construct a set of resampled
sets {X ]*}7 in which each set, X7 contains n* samples randomly drawn from
X allowing repeats.

3) Apply PCA to {X[} to get each set of modes {B}} and align them to B
using the algorithm described in section 211

4) With modes in {B;} aligned, calculate the number of structural modes, k
can be tested using our t-Test based stopping rule.

5) Repeat 2-4 with an increased n*. If k converges before n* reaches n, we have
sufficient samples. Otherwise, further samples are required.

An effective stopping rule for part 4 in this procedure should converge.
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4 Real Datasets

As sample data we use a set of 319 surface models of the left ventricle, each with
527 corresponding points. These are derived from 4D CT scans of 29 subjects.
Eleven shapes for each subject are chosen at different points in the cardiac
cycle. Two other real shape datasets are also used to verify our sample size
sufficiency test — 135 samples from the landmarks of the 2D AR face database
(22 points) [15] and 150 samples of 3D faces (decimated to 500 points) from
University of Notre Dame [16], preprocessed using Papatheodorou’s method [17].

5 Validation on Synthetic Data

We have validated previous stopping rules and our method using synthetic data
generated using the leading 40 modes of the model built from all the 319 cardiac
samples. Gaussian noise with Imm standard deviation is added to each element
of the shape vector. The average noise vector length is 41.3mm, which is sig-
nificantly larger than variance along the 40th genuine mode which is 9.9mm,
stopping rules applied to this dataset should not retain more than 40 modes.

5.1 Validation of Previous Methods

We validated the rule of 95% cumulative variance using synthetic datasets sized
from 50 to 200. Compactness plots are shown in the figure 21 With increasing
sample size, the number of modes retained by this rule increases beyond 40,
where the noise dominates the variance. These noise modes contribute to an
increasing proportion of the total variance with increasing sample size, and the
number of modes covering 95% of total variance increases accordingly. A similar
trend was also found for the real data, strongly suggesting that this rule is
unreliable and should not be used.
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Fig. 4. t-Test Based stopping rule on synthetic cardiac datasets of different size

The method of Besse et al [14] was validated with synthetic datasets sized
from 100 to 400. A plot of instability, measured as the distance between sub-
spaces spanned by different replicates, is shown in figure[Bl Although this method
provides a visible indication of the correct number of modes to retain when the
sample size is sufficiently large, it cannot identify the lower number of modes
that should be retained when the sample size is insufficient.

5.2 Validation of t-Test Comparison with Noise

Our method was validated with synthetic datasets sized from 100 to 1000.
Figure [ shows the bar graphs of the p-Value (up to our 0.05 confidence level)
from t-Tests for each mode trained from different sample sizes. The number of
modes to retain versus the sample size is also shown. Our stopping rule does not
have the tendency of going beyond 40 under large sample sizes. It also identifies
a lower number of stable modes to retain for smaller sample sizes. It appears a
sample size of around 300 is sufficient.

6 Results on Real Datasets

Figure [f shows the results of sample sufficiency tests applied to the real cardiac
dataset. The plot on the left side is the p-value for different replicate sizes. It
shows that the number of modes determined by our stopping rule with 0.05
confidence level does not converge before the replicate size reaches the total
sample size. This suggests that 319 samples are not enough. However, if an SSM
is built from these samples, the number of modes to retain should be around 55.

Figure 6l shows sample size sufficiency tests on the real face datasets. For the
2D dataset, the plot obviously converges at 24 modes with 50 samples. With
the 3D faces, the graph appears close to convergence at around 70 modes for the
150 samples. These results suggest both face datasets are sufficient.
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Fig. 6. Result of real face datasets sufficiency test. Left: 2D faces; Right: 3D faces.

7 Discussion

We propose a stopping rule for determining the number of modes to include for
SSM based on mode direction stability. For a synthetic cardiac dataset generated
with 40 real structural modes plus added noise our method converges correctly
where conventional methods did not. We provide mode correspondence by min-
imising the distance between the principal spanned spaces rather than by the
rank of their variances. We apply our stopping rule in a procedure we introduce
to determine PCA sample size sufficiency. Results on real data suggest 319 sam-
ples are not sufficient for SSM of left ventricle (527 points) where both cardiac
deformation and population variance are combined, but around 55 modes can be
retained. However, 150 samples is sufficient for the 3D face meshes (500 points),
where around 70 modes are retained. There is no trivial relationship between di-
mension of the shape vector, number of true anatomical modes and the required
sample size. A more sophisticated method such as ours should be used instead.
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It is hoped that our techniques will be adopted by those researchers working
in SSM. Currently the number of samples used in most published studies is
unlikely to be sufficient in the sense described in this paper. We hope that
medical imaging researchers will gather more data and combine their sample
sets in the aim of sufficient sample size for producing a standard, validated SSM
for each organ. We aim to begin this process by building a significant database
for two anatomical regions, the thorax and the lower abdomen. In time we intend
to make the data and resulting models freely available to other research groups.

We provide what we believe to be the first principled test for sample sufficiency
and determination of the number of modes to retain for SSM. Our method is
also applicable to other applications of PCA and related fields.
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