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Abstract. Previously almost all biomechanically-based time-critical
surgical simulation has ignored the well established features of tissue me-
chanical response of anisotropy and time-dependence. We address this
issue by presenting an efficient solution procedure for anisotropic visco-
hyperelastic constitutive models which allows use of these in nonlinear
explicit dynamic finite element algorithms. We show that the procedure
allows incorporation of both anisotropy and viscoelasticity for as little as
5.1% additional cost compared with the usual isotropic elastic models.
When combined with high performance GPU execution the complete
framework is suitable for time-critical simulation applications such as
interactive surgical simulation and intraoperative image registration.

1 Introduction

In recent years there has been growing interest in the use of computational
biomechanics as a basis for simulation of soft tissues deformation. Example ap-
plications include interactive simulation environments [II2I3] and biomechani-
cally driven image registration [4J5l6]. Both such applications may be subject to
stringent solution time constraints; interactive simulation requires solutions to
be obtained at visual, or even haptic feedback rates (>500Hz), while intraoper-
ative image registration must be fast enough that the work flow of the surgical
procedure is not interrupted. Therefore viable simulation procedures for these
applications are necessarily those that yield rapid solutions.

While progress has been made with respect to inclusion of constitutive and
kinematic nonlinearities, virtually all previous work in this area has ignored the
well established phenomena of anisotropy and time-dependence (predominantly
manifested as stress relaxation, creep, hysteresis, and strain rate-dependence) of
tissue mechanical response [7]. Notable exceptions include [2I]], in which liver
and facial muscles were treated as transversely isotropic, and [9I0], in which
viscoelastic effects were included. Of these, only [2] reported real-time solu-
tion speeds, and to the best of our knowledge no authors have included both
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anisotropy and viscoelasticity in time-critical applications. In light of the abun-
dant experimental evidence testifying the importance of these phenomena [I1I7]
and the comprehensive modelling approaches developed for their analysis [12],
the issue appears to be one of computational complexity and the mentioned
time-constraints.

We address this issue by presenting a constitutive update procedure for visco-
hyperelastic materials suitable for use in explicit finite element algorithms. Ma-
terial models of this type have been shown to very accurately reproduce the
phenomena described above [T1U7]. The formulation is general in the sense that
any underlying elastic response may be included. In particular we show that
kinematically consistent anisotropic formulations valid for large deformations
are naturally accommodated. We demonstrate the validity and efficiency of the
procedure within a graphics processor (GPU) -based finite element solver (specif-
ically, a total Lagrangian explicit dynamic (TLED) solver [I3[T4IT5]), and show
that the framework is suitable for use in time-critical applications.

2 TLED Finite Element Algorithm

A complete description of the TLED algorithm is available in previous publica-
tions [I3I15], where it has been shown to allow very rapid nonlinear analysis of
soft tissues. Briefly, the algorithm consists of a precomputation phase in which
various element and system quantities are calculated, followed by a time-loop
in which incremental solutions for the node displacements u are found. During
each step of the time-loop we

1. Apply loads (displacements and/or forces) and boundary conditions to rel-
evant nodal degrees of freedom

2. For each element compute
(a) deformation gradient F and right Cauchy-Green deformation tensor C
(b) linear strain-displacement matrix By,
(c) 27d Piola-Kirchhoff stress S
(d) element nodal forces f, and add these to the total nodal forces £

3. For each node compute new displacements u using the central difference
method.

For under-integrated 8-node hexahedral elements the nodal force contributions
from each element are obtained (via Gaussian quadrature) from f = 8 BT Sdet J,
where J is the precomputed element Jacobian matrix and S is the vector form of
the stress tensor S. This equation makes no assumption concerning the consti-
tutive model employed. In the subsequent sections we describe a general formu-
lation for anisotropic viscoelasticity, particular cases of which have been shown
to be excellent models of the mechanical response of many soft tissues.

3 Anisotropic Visco-hyperelastic Constitutive Equations

In continuum mechanics the Helmholtz free energy (strain energy) function ¥ en-
capsulates the energy per unit volume associated with deformation of a material,
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and is the standard representation of the material’s constitutive response. For
hyperelastic materials ¥ is a function of the current deformation only, whereas
for visco-hyperelastic materials it is a function of the entire deformation his-
tory. A complete visco-hyperelastic response may be obtained by augmenting
hyperelastic strain energy functions with time dependent relaxation terms and
expressing in convolution integral form. This affords generality since any un-
derlying hyperelastic form may be used. In particular the formulation naturally
accommodates anisotropic hyperelastic terms. We present equations for the case
of transverse isotropy, which is the simplest class of anisotropy.

3.1 Hyperelastic Response

Transversely isotropic (TI) materials are characterised by a single preferred di-
rection a; the mechanical response is isotropic in the plane orthogonal to a. In
the present work we consider T1T strain energy functions with separated isochoric
(volume-preserving) and volumetric terms [12]: ¥(C,a) = Wi°(Iy, Iy, Iy, I5) +
UVl J), where J = detF. Here I; = trC and Iy = [(tr C)? — tr (C?)]/2 are
the first two invariants of the modified right Cauchy-Green deformation tensor
C= J*Q/?’FTF7 while I, = a-Ca and Is = a- C?a are pseudo-invariants of both
C and a. It may be observed that I; » are functions of deformation C only, and
therefore produce isotropic strain energy terms. In contrast Iy 5 are direction-
dependent, and produce strain energy terms associated with deformation in the
direction a only — effectively producing a different stiffness in this direction.

The stresses are obtained by differentiation of ¥: S = 20cV¥ = S0 4 §vol,
where 0, denotes differentiation with respect to z. S and S'°! are stresses
obtained from differentiation of isochoric and volumetric strain energy terms,
respectively, and may be shown to be [12]

Svol _ 280\11"01 _ Jpcjfl7 Siso — 280\11iso — J72/3D6VS7 (1)

where ~ B ) )
S=nI+%C+yava+ys(a®Cat Ca®a). 2)

Here 4 = 2 (07, U'*° + L,07, ¥™°), 4, = —20; ¥™° (a = 2,4,5), p = d¥*°!/dJ is
the hydrostatic pressure, and Dev(e) = (o) — (1/3)[(e) : C]C™! is the referential
configuration deviatoric operator for a second order tensor.

Eqns. (1) and (@) are the general form of a TT hyperelastic stress response,
defined in terms of invariants. They represent a kinematically consistent frame-
work valid for large deformations. Specification of particular forms for ¥is° and
Uvol would be motivated by the particular tissue under analysis, and may stem
from phenomenological or microstructural considerations.

3.2 Viscoelastic Response

As mentioned, viscoelastic energy functions W(C, a, ) valid for large deforma-
tions may be formulated by including relaxation functions «(t) = 1—2?;1 a;(1—
exp(—t/7;)), where N, «; and 7; are constants, and ¢ is time, and expressing



706 Z.A. Taylor et al.

the strain energy function in convolution integral form: \IJ C,a,t) fo

7)0;¥(C,a)dr. Such a form views the stress response at any tlme t as the
sum of responses to excitations at all previous times — the mentioned deforma-
tion history-dependence. If separated isochoric and volumetric terms are used,
as above, relaxation functions may be applied to either or both independently.
Stresses are then obtained as

t

s% = 2000 = [ @ (- )0, @ (3)
0
t

Sv! = 200! = / a*(t—71) 0,9 dr, (4)
0

where ®%° = 29c¥*° and ®'°' = 29c¥"°! are the instantaneous hyperelastic
stress responses (Eqns. (). Compared with use of purely hyperelastic models,
in which stress may be computed directly from the (known) current deforma-
tion, use of visco-hyperelastic models within the TLED algorithm requires a
constitutive update scheme involving time integration of the stress Eqns. ().

4 Constitutive Update Procedure for Explicit Analyses

In the following we derive equations based on S™°, and note that an equivalent
procedure may be applied for the volumetric term, if applicable. Referring to

Eqn. @) we note that S° may be restated as Si¢ = 150 — Zf\ilo Yo where
t

Yo = / (1 —exp((r — 1) /7)) 0-®™°dr, i€ [1,N™] (5)
0

are rate-dependent terms associated with each term in the relaxation functions.
In an incremental analysis we require the stress at the current increment given
the deformation state and history of the material. Adding subscripts to indicate
time increments the isochoric stress may be updated using

Niso

S = & — 30(1E),. (6)

i=1

As mentioned, instantaneous terms ®° may be computed from the current
deformation C,, (Eqn. [@)2). The main difficulty then is computation of the
incremental rate-dependent terms (Y5°),,. Our strategy is to maintain each Ys°
as a state variable to be updated at each increment also. For clarity hereafter
we consider only a single Prony term, but note that more terms may be added
without difficulty.

Our approach is to convert the integral equation (@) into a rate form which
may then be numerically integrated to produce an incremental update formula
for Xis°, It may be shown that such a rate form is given by

Tiso _ aisO@iSO _ -riso) ) (7)

7-iso (
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Integration of () using the backward Euler method yields a formula for Y5°:

Y50 = AD° + BY ), (8)
where A = Ata'*°/(At+7°) and B = 75°/( At +75°) are constant coefficients,
and At is the time step size. A similar expression may be obtained for volumetric
terms.

The constitutive update procedure thus consists of (a) updating state variables
(one for each Prony term) via Eqn. (), and (b) updating stresses via Equn. (@).
We note in particular that when used with reduced integration hexahedra or
linear tetrahedra the present scheme introduces only 12Np (Np = N + NvoI)
extra multiplications per element per time step compared with an equivalent
hyperelastic formulation. Additional storage requirements are also minimal since
only state variables (6-vectors) are retained between increments.

5 Algorithm Performance

The procedure was implemented (within the TLED algorithm) for GPU execu-
tion using the CUDA API [16], however the arrangement of kernel computations
was essentially the same as that of our earlier OpenGL-based implementation
[15]. We used reduced integration 8-node hexahedral elements which are prefer-
able to the 4-node tetrahedra used in our previous implementation [I5], both in
terms of solution accuracy and computational efficiency.

We present examples based on compression and shear of cube models to
demonstrate the validity and performance of the constitutive update procedure.
We emphasise that these geometrically simple examples are aimed at verifying
the numerical solution method (being the contribution of this paper), not at
validating any particular constitutive model itself. In each case we used a TI
visco-hyperelastic model with elastic strain energy components defined by

K

S NC)

U E VN
where g is the small strain shear modulus, x is the bulk modulus, and 7 is
a material parameter with units of Pa. Is5-dependent terms were omitted for
simplicity. We used viscoelastic isochoric terms only, with N%¢ = 1. Material
parameters u = 6568Pa, k = 326 210Pa, a; = 0.5, and 7, = 0.58s were chosen
based on recent results for the viscoelastic response of human liver in vivo .
In the absence of appropriate experimental data for liver we selected n = 2pu.
Since n and p are similarly dimensioned parameters, this ensures 7 is of an
appropriate order of magnitude.

We first assessed the effects of anisotropy on the deformation response. A cube
model with preferred direction a = [0 \}2 \}2 | was compressed by 30% along the
x—axis. The deformed shape is shown in Fig. [[l along with that of an isotropic

Y In [17] an estimate of u = 19 704Pa is given, but it is also noted that the parenchyma
itself is likely to be up to 3x less stiff.
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Fig. 1. Deformation pattern of (a) an isotropic model compared with (b) that of a TIT
model. Colour maps indicate magnitude of lateral displacement ((uZ + u2)"/?)

model (with n = 0). With no preferred direction the expansion of the middle
section was uniform (Fig.[[[(a)). For the anisotropic model the direction defined
by y = z was stiffened, and Fig. [Ib) shows the resulting reduced expansion
along this axis and the increased orthogonal expansion.

Next we confirmed the validity of the solution procedure by modelling a pure
shear loading on the cube. Under such conditions an analytical solution for the
stresses is available (omitted for brevity) and is compared with the numerical
solutions in Fig. P(a) for various loading speeds. The strain rate-dependence in-
troduced by the model (and commonly observed in biological tissues) is clearly
shown. Additionally the close match between the analytic and numerical solu-
tions demonstrates the validity of the developed constitutive update scheme.

Finally we assessed the computational efficiency of the constitutive update
scheme by measuring computation times for various constitutive models over a
range of mesh densities. Using the cube geometry as above we generated models
with mesh sizes between 3993 DOF and 177957 DOF. Three constitutive models
were considered: the TT viscoelastic model (TIV), TIV minus the viscoelastic
terms (TIE), and TIE minus the anisotropy terms (NHE — since this represents
a neo-Hookean model). The test machine included an Intel Core2Duo 2.4GHz
CPU, 2GB RAM, and an NVIDIA GeForce 8800GTX GPU.

Fig. BI(b) indicates that solution times are little affected by the introduction
of the more complex constitutive models, and importantly by the use of the
developed constitutive update scheme. We observe that the maximum solution
time ratio for model TIE to model NHE (anisotropic vs isotropic) was 1.013,
and that of model TIV to model TIE (viscoelastic vs elastic) was 1.043. The
largest total solution time increase for an anisotropic viscoelastic model com-
pared with an isotropic elastic one was 5.1%. We conclude that the key features
of anisotropy and viscoelasticity may be included in simulations at very little
additional computational cost. Moreover, using the present material parameters
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Fig. 2. (a) S11 curves for pure shear deformation at varying strain rates. Curves for
strain rates of 2.5s7', 0.25s7', and 0.025s' are given, along with the bounding in-
stantaneous and equilibrium responses, labelled oo and 07, respectively. Solid lines
correspond to analytical solutions, while markers indicate the numerical solution. (b)
ratios of solution times for the constitutive models: TIV to TIE, TIE to NHE, and TTV
to NHE.

and GPU implementation models of up to approx. 10000 DOF may be solved
in real-time. For more compliant tissues such as brain (for which the critical
solution time step is larger) models of up to 55000 DOF may be solved in real-
time.

6 Conclusion

There is abundant evidence that most biological tissues exhibit time-dependent
mechanical responses, and that even non-load bearing organs exhibit direction-
dependence. These phenomena may be modelled using viscoelastic and
anisotropic constitutive formulations. We presented a constitutive update scheme
which allows use of such models within explicit finite element procedures for
as little as 5.1% additional computational cost compared with isotropic elastic
models. The scheme was general in the sense that any strain energy function
(e.g. specific to particular organs) may be incorporated. Combined with GPU
execution the presented scheme is suitable for real-time applications.

Explicit procedures have recently been shown to allow very rapid soft tissue
simulation whilst retaining physically consistent kinematic nonlinearities. The
present contribution expands the utility of such procedures and should find ap-
plications in time-critical simulation applications.
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