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Abstract. We present a geometric deformable model driven by dynamically up-
dated probability fields. The shape is defined with the signed distance function,
and the internal (smoothness) energy consists of a C1 continuity constraint, a
shape prior, and a term that forces the zero-level of the shape distance function
towards a connected form. The image probability fields are estimated by our col-
laborative Conditional Random Field (CoCRF), which is updated during the evo-
lution in an active learning manner: it infers class posteriors in pixels or regions
with feature ambiguities by assessing the joint appearance of neighboring sites
and using the classification confidence. We apply our method to Optical Coher-
ence Tomography fundus images for the segmentation of geographic atrophies in
dry age-related macular degeneration of the human eye.

1 Introduction

A challenging problem in computer and medical vision is to segment regions with
boundary insufficiencies, i.e., missing edges and/or lack of texture contrast between
regions of interest (ROIs) and background. In this paper we focus on two general cate-
gories of segmentation methods, namely the deformable models and the learning-based
classification approaches.

Deformable models are divided into two main categories. The first class is the para-
metric or explicit deformable models [11,2,15,23], or active contours, which use para-
metric curves to represent the model shape. Edge-based parametric models use edges
as image features, which usually makes them sensitive to noise, while region-based
methods use region information to drive the curve [20,24,8]. A limitation of the lat-
ter methods is that they do not update the region statistics during the model evolution,
and therefore local feature variations are difficult to be captured. Region updating is
proposed in [3], where active contours with particle filtering is used for vascular seg-
mentation.

Another class of deformable models is the geometric or implicit models [16,17,14],
which use the level-set based shape representation, transforming the curves into higher
dimensional scalar functions. In [16], the optimal function is the one that best fits the
image data, it is piecewise smooth and presents discontinuities across the boundaries
of different regions. In [17], a variational framework is proposed, integrating boundary
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and region-based information in PDEs that are implemented using a level-set approach.
These methods assume piecewise or Gaussian intensity distributions within each par-
titioned image region, which limits their ability to capture intensity inhomogeneities
and complex intensity distributions. In [7], the Metamorphs was introduced, which
updates a kernel-based approximation of the model interior texture during the evolu-
tion. The model dynamics are defined parametrically using Free Form Deformations,
which sometimes is a limiting factor for capturing region details. Also, merging differ-
ent curves on the image plane is formulated as detection of collision of different models,
and therefore merging is not a property inherently defined in the model representation.

Learning-based region classification is also among the most popular approaches to
medical image segmentation, with representative example the Markov Random Fields
(MRFs) [6]. To obtain better probability smoothing, Conditional Random Fields (CRFs)
were introduced in computer vision [13]. Although CRFs were first used to label se-
quential data, extensions of them are used for image segmentation [12,5,22]. The main
advantage of CRFs is that they handle the known label bias problem [13], avoiding the
conditional independence assumption among the features of neighboring sites. In [12]
the Discriminative Random Fields (DRFs) are presented, which allow for computation-
ally efficient MAP inference. Also, in [5], CRFs are used in different spatial scales to
capture the dependencies between image regions of multiple sizes. A potential limita-
tion of CRFs is that they do not provide robustness to unobserved or partially observed
features, which is a common problem in most discriminative models.

Integrating deformable models with MAP inference methods is a recently in-
troduced framework for propagating deformable models in a probabilistic manner, by
formulating the traditional energy minimization as a MAP estimation problem. In the
survey of [15], methods that use probabilistic formulations are described. In the work of
[8] the integration of probabilistic active contours with MRFs in a graphical framework
is proposed to overcome the limitations of edge-based probabilistic active contours. In
[6], a framework that tightly couples 3D MRFs with deformable models is proposed for
the 3D segmentation of medical images. Finally, to exploit the superiority of CRFs com-
pared to common first-order MRFs, a coupling framework is proposed in [22], where a
CRF and an implicit deformable model are integrated in a simple graphical model.

In this paper we present a probabilistic geometric deformable model that is driven
by a collaborative CRF. The model evolution is solved as a joint MAP estimation prob-
lem for the model position and the image label field. In section 2, we define the model’s
shape and its internal energy, which consists of a C1 continuity constraint, a shape
prior, and a term that forces the zero-level of the shape distance function towards a
connected form. The latter can be seen as a term that forces different closed curves on
the image plane to merge, and therefore our model inherently carries the property of
merging regions. During the evolution, described in 2.1, the model interior statistics
are dynamically updated, and the new distributions are used in our CRF in an active
learning manner. In section 3 we describe our collaborative CRF, which infers class
posteriors in pixels and regions with feature ambiguities by assessing the joint appear-
ance of neighboring sites and using classification confidence. In 4 we show our results
on the segmentation of geographic atrophies in dry age-related macular degeneration of
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the human eye, from Optical Coherence Tomography (OCT) fundus images. Finally, in
5 we give our conclusions.

2 Deformable Model

The model boundary M defines two regions in the image domain Ω, namely the region
RM enclosed by the model M and the background Ω\RM. The model shape ΦM is
represented implicitly by its distance transform, as in [7,22]. The internal energy of the
model consists of three individual terms, namely the smoothness constraint Esmooth,
the distance from the target shape Eshape, and a partitioning energy Epart,

Eint(ΦM) = Esmooth(ΦM) + Epart(ΦM) + Eshape(ΦM) (1)

The smoothness term is defined as,

Esmooth(ΦM) = ε1A(RM) + ε2

∫ ∫
∂RM

‖∇ΦM(x)‖dx (2)

where ε1 and ε2 are weighting constants, ∂RM denotes a narrow band around the
model boundary, and A(RM) denotes the area of the model interior. The minimization
of this energy forces the model to the position with the minimum area enclosed and the
maximum first-order smoothness along the model boundary; ∇ΦM is defined ∀x ∈ Ω,
and is used similarly as in the Mumford-Shah formulation [16].

The partitioning energy forces the regions ΦM ≥ 0 towards a connected form. It
can be also seen as a term that minimizes the entropy of a set of particles, where the
particles are assumed to be the connected components of ΦM ≥ 0, or equivalently the

connected regions of H(ΦM). Let
{
ϕ

(i)
M

}N

i=1 ⊆ H(ΦM) be the set of N connected

regions, and epart(ϕ
(i)
M) be the energy of each connected region ϕ

(i)
M. We define this

energy in terms of the distances between ϕ
(i)
M and the rest of the connected regions in

the set H(ΦM),

epart(ϕ
(i)
M) =

N∑
j=1,j �=i

d̃(ϕ(j)
M , ϕ

(i)
M), d̃(ϕ(j)

M , ϕ
(i)
M) = min

x∈ϕ
(j)
M

‖ϕ
(i)
M − x‖ (3)

Then, the partitioning energy of the model is expressed as,

Epart(ΦM) =
1
2

N∑
i=1

epart(ϕ
(i)
M), (4)

The minimization of this energy forces the model towards the minimum distances be-
tween the connected components of H(ΦM), i.e., forces different regions (curves) on
the image plane to merge.

Finally, we define the shape energy term in a similar way as in [18,1], in terms of
the distance between the model ΦM and the target shape Φshape(x): ‖ΦMH(ΦM) −
ΦshapeH(Φshape)‖, where we include in the calculations only the regions of the model
and target shape.
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2.1 The Model Evolution

We formulate the deformable model evolution as a joint MAP estimation problem for
the model position and the image label field,

〈Φ∗
M, L∗〉 = arg max

(ΦM,L)
P (ΦM, L|F ), (5)

where L is the sites’ (pixels or image patches) labels, i.e., L = {−1, 1}, where −1
and 1 denote background and model interior respectively, and F is the observations set,
i.e., the intensity distributions. For the posterior probability P (ΦM, L|F ), we adopt the
decomposition of [22],

P (ΦM, L|F ) ∝ P (ΦM) · P (F ) · P (L|ΦM) · P (L|F ), (6)

where P (ΦM) is the model prior, P (L|F ) represents the pixel/region classification in
a discriminative manner, and P (L|ΦM) is a likelihood term that introduces uncertainty
between the classification and the deformable model position. The data prior P (F ) is
calculated using the nonparametric intensity distribution of the model interior in every
instance of the evolution process.

The model prior P (ΦM) corresponds to the energy of eq. (1), and is defined in terms
of the gibbs functional,

P (ΦM) = (1/Zint) exp{−Eint(ΦM)}, (7)

where the individual terms of Eint(ΦM) are calculated using the definitions we de-
scribed above; Zint is a normalization constant. The maximization of this prior forces
the model towards a position with the minimum enclosed area and maximum smooth-
ness along the boundary, with the smallest distance to the target shape, and the minimum
entropy as defined in eqs. (3)-(4).

We define the likelihood P (L|ΦM) as the softmax function,

P (li|ΦM) =
1

1 + exp{−ΦM(xi)}
, (8)

where li = {−1, 1} is the label of the i-th pixel or region xi. This term indicates that
the probability of a site belonging to the model interior rapidly increases as ΦM(x) >
0 increases, and converges to zero as ΦM(x) < 0 decreases; also P (li|ΦM) = 0.5
∀xi ∈ Ω : ΦM(xi) = 0. Also, if xi is a region, we consider its center to estimate this
probability.

The remaining term P (L|F ) in eq. (6) is calculated using our CRF framework de-
scribed below.

3 The Collaborative CRF

We use a Conditional Random Field (CRF) formulation to calculate the probability field
P (L|F ) that drives the deformable model evolution, according to eqs. (5) and (6). We
implement interactions that enforce similar class labels (model interior or background)
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between all sites containing similar intensity distributions; these interactions are driven
by the classification confidence to assist weakly labeled sites. To improve classification
in cases of region ambiguities, we also use correlative information between neighboring
sites, by estimating their joint intensity distributions.

Let F = {fi}i∈S , where fi is the intensity distribution from a site i, and S is the set
of all sites. Also, let L = {li}i∈S be the set of corresponding labels for all sites in S,
with li = {−1, 1} (background, ROI). If Ni denotes the spatial neighborhood of each
site i, we can then say that conditioned on the discrete observations F , the distribution
over the labels p(L|F ) can be written as a first order CRF of the form,
p(L|F ) =

1
z

exp
{∑

i∈S
A(li, fi) +

∑
i∈S

∑
j∈Ni

[
I(li, lj , fi, fj , Ki, Kj) + C(li, lj, fij)

]}
, (9)

where z is a normalization constant.
The unary association potential A(yi, xi) is estimated using a discriminative clas-

sifier (Support Vector Machine) to directly calculate the class posterior as mapping
between the distribution fi and the class li [12],

A(li, fi) = log P (li|fi), (10)

The interaction potential I(li, lj , fi, fj, Ki, Kj) compares the intensity distributions
fi and fj and enhances classification by forcing smoothness between the neighboring
li and lj ,

I(li, lj , fi, fj , Ki, Kj) =
1

zint
exp

{
δ(li − lj)

σ2

}
β(fi, fj)γ(Ki, Kj) (11)

where zint is a normalizing constant, δ(li − lj) = 0 if li �= lj , and δ(li − lj) = 1 if li =
lj , σ2 controls the smoothing, and β(fi, fj) measures the distance between i and j in
the feature space; here we use the Bhattachayya distance for measuring the distributions
similarity. We modulate the role of the interaction potential by the relative classification
confidence γ(Ki, Kj) of the sites i and j; Ki and Kj are the corresponding confidences
representing how strong the discriminative classification of each site is. As a measure of
confidence we use the distance from the classification boundary, although more efficient
measures can be found in the literature [10]. To measure the relative confidence between
two neighboring sites, we use the pairwise softmax function,

γ(Ki, Kj) =
1

1 + exp{α(Ki − Kj)}
, α > 0, (12)

where Ki and Kj are the classification confidence values for the sites i and j respec-
tively, and α is a constant regulating the confidence similarity. The value of γ(Ki, Kj)
is only dependent on the relative value of Ki with respect to Kj: Ki � Kj ⇔ γ → 0
and Ki � Kj ⇔ γ → 1. This weighing function allows the interaction in eq. (11)
between i and j only if site j is more confidently classified than site i. This guarantees
that interaction will generally flow from sites labeled with relative confidence to sites
labeled with relative uncertainty.
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The correlative potential C(li, lj , fij) is used to improve classification in instances
of region ambiguities by evaluating neighboring sites that could be portraying a single
region,

C(li, lj, fij) = log P (li = lj |fij), (13)

where fij is the joint intensity distribution of the sites i and j. To consider the joint ap-
pearance of two sites, we evaluate whether they are complimentary to each other with
respect to their classification confidence: fi and fj are complimentary if {j ∈ Ni :
Ki, Kj ≤ Kij}, where Kij is the classification confidence for the joint distribution
fij . In other words the classifier treats neighboring sites as possible regions of the same
class that have erroneously been segmented apart, and decides whether or not they be-
long to the same class. Note that here, as confidence measurement we use the same
classification probabilities (using the distance from the decision boundaries [19]); cur-
rently we are working towards generalizing this confidence-driven approach using the
belief and plausibility terms from the Dempster-Shafer evidence theory.

4 Segmentation of Geographic Atrophy in the Retina

Age-related Macular Degeneration (AMD) has become the most common cause of se-
vere irreversible vision loss in developed countries. In patients with advanced dry AMD,
most of the severe vision loss results from atrophy of the retinal pigment epithelium
(RPE). Confluent areas of RPE atrophy are clinically referred to as geographic atro-
phy (GA), which can cause legal blindness if it affects the central macula. GA is cur-
rently present in 3.5% of all people 75 years and older in the United States [21], and this
number is expected to double by 2020 [4]. There is currently no effective treatment for
GA and there is only a rudimentary understanding of its pathophysiology. Furthermore,
its visibility by standard photography depends on the degree of pigmentation present in
the surrounding intact RPE. A new imaging modality, Spectral Domain Optical Coher-
ence Tomography (SDOCT), demarcates areas of GA precisely even when it cannot be
identified by photography. It utilizes the principles of reflectometry and interferometry
to obtain structural information from the retina and layers under the retina at different
depths along each axial scan (A-scan). One commercially available model, the Cirrus
HD OCT (Carl Zeiss Meditec, Dublin, CA) images a 6mm × 6mm × 2mm volume of
the central macula at a rate of 27, 000 A-scans/sec. It utilizes a broadband superlumi-
nescent diode with a wavelength centered at 840nm. This provides an axial resolution
of 5μm and a lateral resolution of 20μm. SDOCT can be reconstructed to generate an
enface SDOCT image, allowing for precise topographic localization of GA [9].

We used our method to automatically segment GA from en face SDOCT images. In
both examples we present here, we used a circle as target shape. Fig. 1 illustrates our
results using a set of A-scans, where the brighter region is the GA: the three images
were obtained using the intensity values (a) in a predefined depth across the A-scans,
(b) of all depths from each scan (with averaging), and (c) a specific depth range from
each scan (bounded by the so-called anatomic countour); the latter is the fundus im-
age used for patient evaluation. We illustrate these three cases to show the performance
of our approach on the same data and under different rates of region ambiguities. In
Fig. 1(d) and (e) we illustrate the model evolution on the image of Fig. 1(c), using one
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(a) (b) (c)

(d)

(e)

Fig. 1. GA segmentation in SDOCT fundus images: (a)-(c) images obtained using intensities from
different depths across the A-scans; (d)-(e): model evolution using one and three markers for the
model initialization. The model boundaries are shown in red.

(a)

(b)

Fig. 2. GA segmentation: our dynamically updated CoCRF detects new GA regions during the
model evolution. The model boundaries are shown in red.

and three markers for initialization respectively. The image resolution is 200×200 pix-
els, and in our CoCRF we used 5×5 patches as sites. Fig. 2 illustrates another example
of GA segmentation: (a) the original image (left) and the segmentation result (right);
(b) the model evolution using five markers for initialization. During the evolution, new
regions are detected by our CoCRF, due to the dynamic updating of the model interior
statistics, and the confidence-driven classification. In this case, the CoCRF probability
field overcomes the effect of the partitioning energy term of eqs. (3)-(4), which forces
the zero-level of the model distance function towards a connected form. In this example
we used pixels as sites in our CoCRF.

For the numerical validation of our method’s performance, we used 15 subjects
(A-scan sets), from which we manually selected a depth value and a depth range (in-
side the anatomic contour) to produce the fundus images similar to Fig. 1(a), (c). We
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Table 1. Segmentation results for the fifteen subjects (see text). Image size = 200 × 200 pixels.

Subject �1 �2 �3 �4 �5 �6 �7 �8 �9 �10 �11 �12 �13 �14 �15

Ground-truth 12871 10347 9305 7127 4955 4553 4432 4201 3019 2978 2121 1763 1229 1109 931
True positives (pixels) 12839 10318 9285 7113 4945 4542 4420 4192 3014 2974 2117 1758 1225 1106 928

False positives (pixels) 23 32 21 11 13 12 16 9 14 6 8 12 7 11 8

compared our segmentation results with the detailed manual segmentation that two ex-
perts from Bascom Palmer Eye Institute (www.bpei.med.miami.edu, University of
Miami) performed as part of their clinical practice. We recorded the ratio A(Rm

⋂ Ra)
A(Rm) ,

where Rm, Ra denote the manually and automatically estimated regions, and A(·) de-
notes the area. The ratio variations for the three kinds of fundus images were: (i) single
A-scan depth: 98.6 − 99.3%, (ii) entire A-scan depth range: 98.9 − 99.7%, and (iii)
anatomic contour-determined A-scan depth range: 99.7− 99.8%. Table 1 illustrates the
validation results for the examined data set, where the fundus images are 200×200 pix-
els: the false positives (background regions that were detected as GA) are mainly due to
small brighter background regions outside the main (bigger) GA segments. Currently
we are using our method in clinical trials for further validation.

5 Conclusions

We presented a deformable model integrated with discriminative learning-based clas-
sification, with the model interior statistics being dynamically updated and used in an
active learning manner. For the classification, we used a new CRF-based collaborative
framework (CoCRF), which infers class posteriors in regions with intensity ambigu-
ities, by using the joint appearance and the classification confidence of neighboring
sites. We demonstrated our results on the segmentation of geographic atrophies in dry
age-related macular degeneration of the human eye, from SDOCT fundus images.
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