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Abstract. A comprehensive framework for predicting response to ther-
apy on the basis of heterogeneity in dceMRI parameter maps is pre-
sented. A motion-correction method for dceMRI sequences is extended
to incorporate uncertainties in the pharmacokinetic parameter maps us-
ing a variational Bayes framework. Simple measures of heterogeneity
(with and without uncertainty) in parameter maps for colorectal can-
cer tumours imaged before therapy are computed, and tested for their
ability to distinguish between responders and non-responders to therapy.
The statistical analysis demonstrates the importance of using the spatial
distribution of parameters, and their uncertainties, when computing het-
erogeneity measures and using them to predict response on the basis of
the pre-therapy scan. The results also demonstrate the benefits of using
the ratio of Ktrans with the bolus arrival time as a biomarker.

1 Introduction

In the past decade, dynamic contrast-enhanced magnetic resonance imaging
(dceMRI) has become a widespread and very effective tool for diagnosis and
treatment planning in cancer patients [1]. In the case of certain cancers such as
breast [2], and cervical cancer [3], the predictive and diagnostic value of dceMRI
has already been proven to a large extent. Even though colorectal cancer is
the second-biggest cause of cancer-related deaths in Europe, a reliable imaging
biomarker is yet to emerge. It is notoriously difficult to constrain motion during
dceMRI scans of colorectal tumours, and the importance of motion-correction
in estimating pharmacokinetic (PK) modelling has been shown previously in [4],
[5]. There are various studies that predict response to treatment by comparing
PK parameters before and during treatment, but it is more desirable to predict
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response only based on the pre-therapy scan. It is widely acknowledged that
intra-tumoural heterogeneity is crucial in this regard [6], [7].

In the analysis of spatial distributions of PK parameters, two principal ques-
tions arise: (1) which parameter(s) to consider; (2) what kind of spatial features
to look for. The parameters that have been examined most often in the case
of dceMRI data, are the transfer coefficients kep and Ktrans (in min−1), that
are indicators of vessel permeability (leakiness) and perfusion. Recent literature
shows that the bolus arrival time (t0) is clinically important since it is an indi-
cator of necrosis [8]. In this study, the prognostic value of spatial heterogeneity
in kep, Ktrans, and a derived biomarker, rkt = Ktrans/t0 with units min−2, is
investigated. Physiologically, rkt can be likened to a measure of the acceleration
experienced by the bolus when it comes into contact with the vasculature. It
signifies the ability of the vasculature to respond to the force exerted by the
bolus, per unit mass.

In this study, we correct for motion, estimate PK parameters, and then com-
pare some simple measures of heterogeneity. Another crucial aspect of dceMRI
data analysis that has been investigated in this paper is the effect of uncertainty
in the PK parameter estimates on prediction of response to therapy. The differ-
ent sources of error and uncertainty in dceMRI data analysis have been analyzed
in [9], but the uncertainty has not been integrated into the calculation of het-
erogeneity in tumours earlier. The model is also parametrized differently in [9],
and patient motion is not explicitly taken into account. This study presents a
comparison between the predictive values of different measures of heterogeneity
calculated with and without taking uncertainty into account.

2 Methods

2.1 Pharmacokinetic Modelling

In a dceMRI scan, the patient is injected with a low molecular-weight contrast
agent (CA), and MRI volumes are acquired at regular intervals after injection.
The basic assumption of PK modelling is that the concentration of CA at each
voxel in the image space is a function of some matrix physiological parameters
(θ) of the tissue. The changing concetration of CA leads to changes in the MRI
signal, which depend on the physiological parameters θ, the MRI acquisition
parameters (α), the motion applied during the scan (parametrized by the matrix
T ), and a noise process (ε). Thus, the observed data Y is given by:

Y = f(T, θ, α) + ε (1)

This generic formulation allows any PK model, f , and any noise model, ε, to
be used. In this study, we have used the Tofts one-compartment PK model [10],
and assumed ε to be a Gaussian noise process with mean 0 and precision φ,
i.e. ε ∼ N

(
0, φ−1

)
. According to the Tofts model, for a given Arterial Input

Function (AIF), the concentration of CA at time t, C(t), can be written as:

C(t) = AIF (t− t0)⊗ kepvee
−kep(t−t0) (for t > t0) (2)
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Here ⊗ denotes a convolution, t0 denotes the time at which the CA reaches
the voxel under consideration, kep denotes the rate of transfer of CA from the
extra-cellular extra-vascular space (EES) to the blood plasma, ve denotes the
proportion of space in that voxel occupied by the EES and Ktrans = kep · ve.
In order to restrict the number of variables, and to make the analysis more
tractable, we have elected to use the Orton (population-averaged) AIF in this
study (Model 2 from [11]). We are now interested in extracting the ‘true’ PK
parameter matrix (θ = [Ktrans , ve , t0]), which best explain the data Y , and the
uncertainties associated with these parameters.

2.2 The Variational Bayes Framework

In order to accomplish this task, a variational Bayes (VB) framework has been
employed for the dceMRI analysis [12]. The objective is to maximize the proba-
bility of the PK parameters given the data. Thus, using Bayes’ rule, we seek to
maximize the posterior probability of the parameters given the data:

P (θ | Y, T, α) ∝ P (Y | θ, T, α) · P (θ) (3)

Here, P (θ) represents the prior probability of the PK parameters, which in this
study is assumed to be a multi-variate normal (MVN) distribution, i.e:

P (θ) = MVN (mo, Σ0) (4)

Where the matrix m0 = [mkep , mve , mt0 ] represents the prior means of the PK
parameters and Σ0 represents their prior covariance matrix. The VB algorithm
takes the mean-field approximation of the posterior distribution, in this case
using a MVN for the distribution over the PK parameters. By choosing this
conjugate distribution, an iterative update procedure can be derived to find the
mean and precision of the distribution. Since the MRI acquisition parameters α
remain fixed throughout, and since the VB updates for the PK parameters (θ)
are independent of the motion parameters T , we can express f(T, θ, α) as f(θ).
Now, using Eq (1), due to the assumption of Gaussian noise, we can re-write the
likelihood term (for N voxels) from Eq (3) as:

P (Y | θ, T, α) = P (ε = f(θ)− Y )

=
(

φ
2π

)N/2

exp
(− 1

2

(
(f(θ)− Y ) · φ · (f(θ)− Y )T

)) (5)

Now, combining the likelihood term and the prior distributions, we can write
the negative log-posterior (L = − logP (θ | Y, T, α)) as:

L = 1
2

(
(f(θ)− Y ) · φ · (f(θ) − Y )T

) − N
2 logφ

+ 1
2 (θ−m)Σ (θ−m)

T
+ const

(6)

In order to minimize L, the function f(θ) is approximated by a first-order Taylor-
series expansion about the mean of the posterior (MVN) distribution to give:
f(θ) = f(m) + J (θ −m), where J denotes the Jacobian (row vector of partial
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derivatives), calculated at the current estimate of the mean, i.e. J i =
∂f(θ)
∂θi

∣
∣
∣
θ=m

.
Using this Taylor-series approximation, and following the procedure described
in [12], the updates to the mean and covariance matrix for the PK parameters
can be computed as:

Σnew = aJTJ +Σ0 (7)

mnewΣnew = aJT (k +moldJ) +m0Σ0 (8)

Here, k = |f(θ)− Y |, and a is a scalar function of the noise precision updated at
each iteration. In addition, after each iteration of the VB algorithm, we register
the raw data to the best-fit model-prediction available at that iteration using a
non-linear logDemons deformation framework [13], and obtain a new estimate
of the motion parameters T , and thereby a new estimate of the data Y .

The final covariance matrix Σ can be used to estimate the uncertainties in
different derived parameters. In order to estimate the uncertainties for derived
parameters (P ), such as Ktrans = kep ·ve and rkt = kep ·ve/t0, we use the Taylor
series expansion of P = g(θ) = g(kep, ve, t0), that is: g(θ+∂θ) = g(θ)+∇g.(∂θ)T ,
to approximate the variance of P as:

var(P ) = E
{
(P − Pmean)

2
} ≈ E

{
(∇g · (∂θ)T )2}

= (∇g) ·E {
(∂θ)T · (∂θ)} · (∇g)

T
= (∇g) ·Σ · (∇g)

T (9)

Here Σ denotes the covariance matrix of the PK parameters obtained as part of
the VB estimation. In this manner, the variance of Ktrans can be calculated as:

var(Ktrans) = [ve, kep] · cov(kep, ve) · [ve, kep]T (10)

Similarly, the variance of rkt = kep · ve/t0 can be calculated as:

var(rkt) =

[
ve
t0
,
kep
t0

,
−kep · ve

t20

]
· cov(kep, ve, t0) ·

[
ve
t0
,
kep
t0

,
−kep · ve

t20

]T
(11)

2.3 Heterogeneity Metrics

In this study, we use some standard measures of spatial heterogeneity [6], [7] and
compare them with two newly formulated ones. An examination of the dceMRI
data available to us showed that most of the tumours had a clearly defined
enhancing rim and intra-tumoural vascular structures. It was evident that the
enhancing rim and intra-tumoural vascular structures appeared brighter and
enhanced sooner than the neighbouring areas. Thus, apart from looking at only
the Ktrans and kep maps, we also examined the map of the ratio rkt=K

trans/t0
(Fig 1) after additively scaling the values of t0 so that the minimum was set to
1. Physiologically, rkt (having units min−2) can be likened to the acceleration
experienced by the bolus when it comes in contact with the tissue.

Due to the irregular enhancing vascular structures present in the tumours, we
chose to examine the following measures for each parameter map P :
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1. A measure of the fractal nature of the parameter map was estimated by
calculating ST = 1

2

∑
x∈T

[∑
y∈Ωx

|P (x)− P (y)|
]
/NT . Here T represents

the tumour region, NT is the number of voxels in the tumour region, and
Ωx represents the six neighbours of the voxel x in 3D.

2. In order to characterize the rim and other intra-tumoural vascular struc-
tures that are visible as sharp, high-value edges in the PK parameter maps,
we define the product of P with the gradient map of P as a measure of
‘sharpness’= 1

2

∑
x∈T P (x)

[∑
y∈Ωx

(|P (x)− P (y)|)
]
/NT .

3. The eigenvalues ([e1, e2, e3], where e1 > e2 > e3) of the structure tensor of P
can also be used to characterize the linearity or ‘planarity’ of the parameter
map at every position. Since we expect strongly planar parts of the parameter
map to be characterized by one dominant eigenvalue, we chose to examine
the ‘planarity’=

∑
x∈T P (x) (e1(x)−(e2(x)+e3(x)))

e1(x)+e2(x)+e3(x)
/NT .

We calculate each of these three measures for all chosen parameters (rkt, Ktrans

and kep), as well as versions that are weighted by uncertainties associated with
them (Fig 2), as calculated from the VB algorithm. In order to compute each
parameter map with uncertainty, the parameter map was divided point-wise by
its corresponding variance (normalized by the average variance across all voxels).

3 Experiments and Results

Sixteen patients with locally advanced rectal adenocarcinomas underwent
dceMRI scans before treatment with long-course CRT. All the data were ac-
quired on a 1.5T GE scanner using a T1-weighted, gradient-echo, fat-suppressed
sequence (LAVA) with TR=4.5ms, TE=2.2ms and flip angle of 12 degrees. Four
image acquired before the dynamic series, and at different flip angles (3, 9, 12
and 15 degrees), were used to calculate the T10 map. The contrast agent (Mul-
tiHance) was injected via a peripheral vein and MRI volumes with resolution
1× 1× 2mm3 were acquired every 12 seconds for the next 5 minutes.

Fig. 1. The anatomical image showling the outline of the tumour (A), the kep map in
min−1 (B), the Ktrans map in min−1 (C) and the rkt map in min−2 (D) for a rectal
adenocarcinoma.



The Impact of Heterogeneity and Uncertainty on Prediction 321

Fig. 2. The rkt map for a tumour (1), the map showing ST (2), sharpness (3) and
planarity (4). The normalized variance map of rkt (5) is then used to weight each of
the other three maps: ST (6), sharpness (7) and planarity (8). The display ranges are
scaled between the minimum and the maximum values for each parameter map.

An expert radiologist segmented the tumour on high-resolution T2-weighted
volumes acquired before the dynamic sequence. This volume was rigidly regis-
tered to the first volume of the dynamic scan, and the motion-correction and VB
parameter estimation algorithm was applied to a rectangular ROI containing the
tumour delineated by the radiologist. In order to compare the predictive values of
all the measures of heterogeneity (computed within the segmented tumour), they
were compared with the modified Tumour Regression Grade (mTRG) for each
patient, calculated after resection at eight weeks [14]. According to the mTRG,
eight of the sixteen patients were found to be partial responders (mTRG= 2),
while the other eight were found to be non-responders (mTRG= 3).

The ability of each heterogeneity measure to predict response was statistically
evaluated in two ways: (1) By computing the p-value between the quantities mea-
sured for the responder and non-responder groups; (2) Leave-one-out validation
(LOOV) – each sample was classified (by fitting a multivariate normal density
to each group) using all other samples as the training data, and the average
proportion of samples that were mis-classified was recorded (Table 1).

The heterogeneity measures were also compared with the mean and stan-
dard deviations of each parameter (across all voxels), in order to evaluate the
importance of using spatial distributions as opposed to summary values. The
parameter, rkt was found to be the best predictor of response, showing a signifi-
cant (p < 0.05) difference between responders and non-responders for the mean,
ST , sharpness and planarity measures (Fig 3). Furthermore, all the measures of
spatial heterogeneity showed consistently better results than the corresponding
mean and standard deviation, and would remain significant even after correct-
ing for multiple comparisons. It is also clear from Table 1, that the inclusion of
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Fig. 3. Plots for the measured ‘planarity’ in the rkt map across all 16 patients. The
red dots indicate the values obtained without incorporating uncertainty, and the red
gap is the minimum difference between responders and non-responders for the same.
The blue dots indicate the values obtained with uncertainty, and the blue gap is the
minimum difference between responders and non-responders for the same.

Table 1. Statistical measures for the difference between the responder (n = 8) and
non-responder (n = 8) groups for five measures using three PK parameters. Each
measure is calculated on each parameter map with and without taking uncertainty
into account. LOOV represents the proportion of samples mis-classified during leave-
one-out validation. The minimum value in each row is indicated in bold.

Mean St-Dev ST Sharpness Planarity
Uncertainty → w/o with w/o with w/o with w/o with w/o with

kep
p-value 0.10 0.09 0.21 0.16 0.13 0.10 0.09 0.08 0.12 0.10
LOOV 0.52 0.43 0.61 0.53 0.51 0.48 0.46 0.43 0.50 0.46

Ktrans p-value 0.07 0.05 0.13 0.11 0.04 0.03 0.04 0.02 0.09 0.07
LOOV 0.42 0.38 0.48 0.41 0.24 0.21 0.25 0.19 0.38 0.33

rkt
p-value 0.04 0.03 0.08 0.07 0.03 0.02 0.01 0.01 0.004 0.002
LOOV 0.28 0.25 0.41 0.38 0.25 0.20 0.14 0.10 0.10 0.08

uncertainty in the calculations of different measures consistently improves the
ability of each measure to distinguish between responders and non-responders.

4 Conclusion

The results indicate that spatial heterogeneity of PK parameters in general,
and the new biomarker rkt = Ktrans/to in particular, show very promising
potential for predicting response to therapy on the basis of only the pre-therapy
dceMRI scan. The results also show that the inclusion of uncertainty in the
calculation of heterogeneity measures causes a marked improvement in their
ability to distinguish between responders and non-responders to CRT. In future,
this model will also be tested with vp as part of the PK model.
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